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Abstract

Price-based risk constraints map sampled transaction prices into measured risk and then into
binding requirements. We prove a constructive local impossibility theorem: at reachable bind-
ing states with sufficiently strong amplification, no such rule can simultaneously satisfy three
desirable properties. First, risk sensitivity: posted requirements increase at first order with the
measured risk statistic. Second, liquidity continuity: prices and positions respond continuously
to small shocks. Third, manipulation-proofness: no admissible finite-horizon round trip yields
strictly positive expected profit. Unlike classic manipulation, the mechanism does not require
large trades, large price moves, or making a slack constraint bind. A small trade can affect the
prices used by the rule, tighten requirements, induce predictable forced selling, and then be re-
versed profitably. The result holds even with continuous trading between discrete measurement
and reset dates, and it survives strategic responses by constrained investors. Manipulability is
strongest when realized risk is low.
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1 Introduction

In many financial markets, the same transaction prices that clear today’s trades also help determine
tomorrow’s binding constraints. Margins, haircuts, internal value-at-risk (VaR) or expected-shortfall
(ES) limits, leverage targets, and rebalancing rules are often reset from sample statistics computed
from recent transaction prices. Once that is true, trading that moves today’s price changes tomor-
row’s required collateral, permitted leverage, and forced rebalancing mechanically. The rule becomes
therefore part of the trading environment itself.

Our main result is a constructive local impossibility theorem for such price-based rules. No de-
signer can, in general, guarantee all three of the following properties at once: (i) local risk sensitivity,
so requirements rise at first order with measured risk; (ii) liquidity continuity, so prices and aggre-
gate positions respond continuously to small shocks; and (iii) round-trip manipulation-proofness, so
no admissible finite-horizon round trip earns strictly positive expected profit by moving the prices
that enter the next update. If (i) and (ii) hold, then sufficiently strong amplification implies failure
of (iii) in reachable binding states (Theorem 1). If the rule reaches such a binding high-amplification
state with positive probability, no design can preserve all three properties.

The result matters because each of the three properties is a standard design objective. Risk sensi-
tivity is the basic rationale for adaptive margins and risk limits: when measured risk rises, required
protection should rise as well (Biais et al., 2016; Wang et al., 2022). Liquidity continuity matters be-
cause a well-designed rule should not turn small shocks into abrupt deleveraging, liquidity dry-ups,
or fire sales when constraints bind and prices are impact-sensitive (Brunnermeier and Pedersen, 2009;
Shleifer and Vishny, 2011). Manipulation-proofness is equally fundamental: a trader should not be
able to profit from a round trip whose only purpose is to move prices and thereby change the next
update (Allen and Gale, 1992; Huberman and Stanzl, 2004). Our theorem shows that these objectives
generally cannot be achieved simultaneously. The design problem is therefore not whether all three
goals can be attained together, but how the rule should trade them off. The result applies whenever
a binding feasibility constraint is updated mechanically from past transaction prices in a market that
is not infinitely liquid.!

Several points clarify the scope of the theorem and rule out incorrect interpretations. First, the
result is local, but the design implication is global. It is therefore incorrect to read the theorem as a
statement about a narrow or economically irrelevant corner. The relevant question is whether the rule
can reach a binding state in which a marginal tightening forces deleveraging and that deleveraging
moves prices. If it can, then no price-based rule can satisfy risk sensitivity, liquidity continuity, and
manipulation-proofness at that state, and so no such rule can guarantee all three properties over its
reachable state space. The triggering trade need not be large. An arbitrarily small trade can move
the sampled price used in the next update, tighten tomorrow’s requirement, induce forced sales, and
then be reversed into the resulting price pressure (Theorem 1). Sections 3.6 and 6.4 show that such

states are common.?

!'Liquidity continuity is not redundant. It rules out designs that avoid the local slope argument only by creating liquidity
cliffs. The point is therefore not just that risk sensitivity can conflict with manipulation-proofness. It is that joint feasibility
already fails within the relevant class of rules that also preserve smooth market functioning.

2Similarly, Nicolai and Risteska (2026), in a different setting with volatility-managed portfolios, show that the same
mechanism becomes relevant once linked notional is moderate relative to market depth. The mechanism is therefore not



Second, it is incorrect to read the mechanism as relying on constrained investors being myopic.
They may be fully forward-looking and understand both the trader’s incentive and the effect of
today’s price on tomorrow’s requirement. In that case they adjust in advance, which can reduce the
equilibrium amount of forced selling.? Section 4.3 provides a microfoundation for this case. But
anticipation does not remove the mechanism. As long as the requirement still binds, a price move
that tightens tomorrow’s rule still changes constrained demand and hence feeds the sampled price
into subsequent equilibrium outcomes. Forward-looking behavior can attenuate this feedback, but
it cannot make risk sensitivity, liquidity continuity, and manipulation-proofness jointly feasible. The
tension disappears only in limiting cases in which the constraint ceases to matter: either constrained
investors withdraw so much in stress that further tightening no longer forces meaningful sales, or
the rule is kept slack precisely in the states in which a risk-sensitive rule would otherwise tighten.
In either case, the mechanism vanishes only because the rule is no longer binding, or no longer
meaningfully risk-sensitive, where it matters most.

Third, continuous trading between reset dates does not remove the mechanism. Section 4.1 shows
that the same logic survives when trading is continuous between resets. The problem comes from
the reset itself, not from a lack of trading between resets. If tomorrow’s binding requirement is
computed from prices sampled at a reset time or over a reset window, then moving those sampled
prices changes tomorrow’s requirement at first order. That tighter requirement generates predictable
post-reset balance-sheet pressure and order flow.

Fourth, the mechanism is not standard manipulation. The trader does not profit by exploiting
mispricing, deceiving other traders, or relying on an inefficient price process. The profit opportunity
is created by the rule itself. When sampled transaction prices mechanically enter next-period re-
quirements, moving those prices changes tomorrow’s binding constraint. If the constraint binds, that
change induces predictable post-update forced flow and price pressure, even when the unaffected
price is a martingale and the underlying impact model is manipulation-free absent rule-induced
feedback in the sense of Huberman and Stanzl (2004).*

A further implication is that the most vulnerable states may be the ones that look safest. Even
when the posted requirement is written as a VaR or ES rule, it is usually driven by an estimated
volatility computed from recent returns. Under standard rolling-volatility constructions, a given dis-
tortion of the latest sampled price has a larger effect on the estimated risk input when recent realized
volatility is low. After a quiet period, a small trigger trade can therefore move tomorrow’s require-
ment the most. Tranquil states can thus be especially exposed to trigger-and-reverse manipulation,
a rule-based analogue of the “paradox of financial instability” (Borio and Drehmann, 2009). This is
different from the leverage-cycle mechanism (Adrian and Shin, 2010, 2014; Geanakoplos, 2010; Brun-
nermeier and Sannikov, 2014). There, low measured risk increases fragility by relaxing constraints

specific to margin rules, but a general feature of price-based risk rebalancing rules.

Consistent with this equilibrium-response view, transaction-level evidence from cleared repo shows that higher CCP
haircuts relative to OTC induce venue substitution and adverse selection, with safer borrowers shifting away from the CCP
and CCP borrower composition deteriorating (Chebotarev, 2025).

*In this spirit, Nicolai and Risteska (2026) construct an explicit example in which the unaffected price is a martingale and
the impact specification is dynamically manipulation-free for unconstrained trading in the sense of Huberman and Stanzl
(2004). Profits arise only once a disclosed price-based rule maps sampled transaction prices into next-period requirements
or mandated positions, creating predictable post-update forced flow.



and encouraging leverage. Here, even without prior balance-sheet expansion, low realized volatility
makes the rule itself more sensitive to a single sampled price.

Theorem 1 is proved by an explicit trigger-and-reverse strategy. Profitability is governed by a sim-
ple amplification chain: how strongly the rule maps sampled prices into requirements, how strongly
tighter requirements force deleveraging, and how strongly that deleveraging moves prices. Each
term is, in principle, measurable from margin methodology, liquidation behavior, and market impact.
The same logic also yields an upper bound on short-horizon pass-through from price-based inputs
into posted requirements if the rule is to be robust to trigger-and-reverse manipulation. Section 6
studies the designer’s problem under this restriction. The central implication is a tension between
coverage and implementability: the more sharply margin responds to measured risk, the easier the
rule is to exploit in binding states. This provides a structural rationale for limited pass-through,
smoothing, and related anti-procyclicality tools.

We then extend the argument to portfolio margining with cross-impact. Portfolio systems map a
vector of transaction prices into a single charge, but a binding margin call is met through a vector of
asset sales that need not fall on the contracts that most effectively move the portfolio risk measure.
This creates a wedge between the contracts used to trigger the tighter requirement and the contracts
sold after the requirement binds. A trader can therefore move the portfolio risk measure with one
set of instruments while taking positions in the instruments that will be sold when the tighter call
forces deleveraging. Incentives then spill across contracts. We show that the strength of this channel
is governed by an interpretable alignment term between the direction where risk increases and the
direction of liquidation-induced price pressure under cross-impact. When that alignment is strong
enough, profitable cross-asset round trips exist for arbitrarily small admissible triggers. The contracts
that absorb trading pressure during the risk-sampling window need not be the ones that face post-

update illiquidity and forced sales, so portfolio margining can shift stress across contracts.

1.1 Contribution and related literature

This paper brings together three literatures that are usually kept separate. The first studies forced
sales, liquidity spirals, endogenous leverage, and, in some cases, margins or haircuts that respond to
volatility or liquidity. It generally does not analyze a rule under which a short window of transaction
prices mechanically determines the next posted requirement and thereby gives a trader first-order in-
fluence over that update (Kiyotaki and Moore, 1997; Geanakoplos, 2010; Brunnermeier and Pedersen,
2009; Brunnermeier and Sannikov, 2014; He and Krishnamurthy, 2013; Gromb and Vayanos, 2002;
Garleanu and Pedersen, 2011). The second studies procyclicality and risk regulation, often taking
the risk input as given or statistically specified, for example through volatility dynamics. That liter-
ature emphasizes feedback from constraints into prices, but it does not isolate the incentive problem
that arises when the risk input is estimated from transaction prices that traders can influence (Basak
and Shapiro, 2001; Danielsson et al., 2004; Adrian and Shin, 2014; Glasserman and Wu, 2018). The
third develops no-manipulation and no-dynamic-arbitrage results under market impact and exoge-
nous constraints, where sufficiently small round trips lose money to impact and cannot earn strictly
positive expected profits (Allen and Gale, 1992; Jarrow, 1992; Huberman and Stanzl, 2004; Gatheral,

2010). Our contribution is to show what changes once next-period feasibility depends on a price-
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based update. In binding states, an arbitrarily small distortion of the transaction prices used by the
rule shifts the next requirement at first order and creates predictable rule-induced order flow after
the update.

Our contribution is to make the update rule itself the object of analysis and to characterize the
relevant design frontier. First, we prove a constructive local impossibility result. Near reachable
binding states, no price-based, risk-sensitive update rule can simultaneously deliver risk sensitivity,
liquidity continuity, and round-trip manipulation-proofness (Theorem 1). Second, the profitability of
the deviation reduces to a single amplification chain, which yields a sharp diagnostic for vulnerabil-
ity and, read as a design restriction, an upper bound on short-horizon pass-through from price-based
inputs into posted requirements (Section 3). Third, under portfolio margining with cross-impact, the
contracts that move the portfolio risk measure need not be the ones sold when tighter requirements
force deleveraging. That mismatch creates cross-contract manipulation incentives and spillovers
(Section 5). Fourth, Section 6 studies the implied design problem directly. It distinguishes the un-
constrained first-best risk-management target from the implementable rule, derives a manipulation-
proof slope cap, and shows that the cap can be quantitatively tight under benchmark calibrations.
Discontinuities do not remove the incentive problem; they merely shift it to deviations that cross
thresholds. Pooling and bounded adjustment regions can arise as consequences of the cap.

This paper establishes a general impossibility result for price-based constraints. It identifies the
general incentive restriction created when binding feasibility depends on tradable prices in markets
with price impact. Nicolai and Risteska (2026) apply the same logic in a different setting. Taking
a deterministic update rule g as given, they turn the amplification condition into a viability test
and a liquidity-scaled capacity bound for mechanically rebalanced, price-insensitive capital, such as
volatility-managed portfolios. Our theorem therefore isolates the implementability constraint, while
Nicolai and Risteska (2026) show how the same diagnostic can be used to quantify admissible scale
in other environments. Examples outside CCPs include internal VaR, ES, and leverage-limit poli-
cies tied to recent prices; internal capital-allocation rules in multi-strategy hedge funds that reallo-
cate balance-sheet capacity across strategies in response to measured risk; repo and prime-brokerage
haircuts linked to volatility or liquidity measures; volatility-control indices that trigger mechanical
reallocations; and risk-parity or volatility-targeting mandates that scale exposure with estimated risk.
More generally, the same logic applies whenever exposure is a deterministic function of recent prices,
realized volatility, drawdowns, or other price-based statistics.

The design implications speak directly to clearing and margin policy. Central clearing manages
counterparty risk through margin and default resources, while netting sets and clearing architecture
shape exposures and collateral demand (Duffie and Zhu, 2011; Menkveld and Vuillemey, 2021; Cont
and Kokholm, 2014; Loon and Zhong, 2014; Duffie et al., 2015). Evidence from repo markets shows
that haircut policy affects participation and composition: bilateral haircuts vary across counterparties
and relationships, while uniform CCP haircuts can push activity toward OTC markets and worsen
selection when they rise relative to OTC (Julliard et al., 2024; Chebotarev, 2025). Policy work accord-
ingly emphasizes both coverage and stability of initial margin and documents anti-procyclicality
tools,”> while empirical and policy evidence shows that margin calls create large, state-dependent

>See Committee on Payments and Market Infrastructures and International Organization of Securities Commissions



liquidity demands in stress (Murphy et al., 2014, 2016; Aldasoro et al., 2023; King et al., 2023). Our
mechanism adds an incentive constraint to this discussion. Once the risk input is computed from
tradable prices and the requirement binds, short-horizon pass-through becomes a design choice with
an incentive-based upper bound. That gives a structural rationale for slope limits, smoothing, and
buffer-type overlays. The same perspective connects to work on robustness and incentives in risk
measurement and margin setting, and to analyses of CCP governance and externalities in stress
(Cont et al., 2010; Huang and Takéts, 2024; Cont and Ghamami, 2025; Pirrong, 2011, 2014). Kuong
and Maurin (2024) provide a particularly clean contracting benchmark by endogenizing key layers
of the default waterfall through a model of the CCP as an agent. Our contribution is complementary.
Taking the broader collateral and default-resource architecture as given, we isolate an additional im-
plementability constraint that arises when the posted requirement is computed from tradable prices
and binds.

Roadmap. Section 2 presents a canonical cleared-market model with M;,; = ¢(I';) to fix ideas,
although the analysis applies more generally to any price-based constraint that maps sampled trans-
action prices into a binding requirement. For transparency, the main text works with linear impact,
realized variance, and an explicit margin-elastic demand rule; Appendix A proves the corresponding
results in a more general setting. Section 3 formalizes the three desiderata, constructs the trigger-and-
reverse strategy, and proves the impossibility theorem. It then rewrites the profit bound in terms of
the amplification chain to obtain the slope cap and a magnitude limit. Section 4 studies robustness
and implementation, including continuous trading between discrete update times, alternative risk in-
puts such as parametric VaR and ES and scenario-based maxima and quantiles, and implementation
features such as trimming, thresholds, rounding, floors, and stepwise add-ons. Section 5 extends
the analysis to portfolio margining with cross-impact and forced liquidation across contracts, and
derives the corresponding cross-contract impossibility result. Section 6 studies the design problem
implied by the theorem, distinguishes the unconstrained risk-management target from the imple-
mentable rule, derives the manipulation-proof slope cap, and gives a quantitative interpretation of
how restrictive that cap is.

2 Model

We now formalize the environment described in the introduction. A rule designer, for example a
CCP, computes a risk statistic from transaction prices and updates initial margin mechanically. Near
reachable binding states, a marginal increase in M, induces forced liquidation with a nonzero local
slope. Because transaction prices also enter the next update, this mapping can generate predictable
liquidation-driven price pressure that a finite-horizon trigger-and-reverse strategy can exploit. The
analysis does not rely on large trades, large price moves, or on making a slack constraint bind. For
transparency, the main text works with three special cases: linear price impact in net order flow, re-

alized variance over a fixed sampling window, and a target-with-cap liquidation rule that makes the

(2012); Basel Committee on Banking Supervision (2022); Basel Committee on Banking Supervision and Committee on Pay-
ments and Market Infrastructures and Board of the International Organization of Securities Commissions (2022); European
Union (2013); European Securities and Markets Authority (2018); European Systemic Risk Board (2020); Bank of England
(2021); European Central Bank (2023).



position elasticity with respect to margin explicit. These choices are only for exposition. Appendix A
replaces realized variance with a generic price-based risk functional, allows a general local impact
map, and permits broader liquidation responses.

2.1 Primitives and timing

Time is discrete, t = 0,1, 2,.... A single contract is traded and marked to market each period. Fun-
damentals V; € R are exogenous, adapted to the public filtration {F;}, and satisfy

E[Vig1 | Fi] = Vi )

Assumption (1) removes predictable drift from the strategic trader’s expected profit. Fix m > 2. Let
P, be the period-t transaction price and M; the per-unit initial margin applied in period ¢. The public
state at the start of t is Sy = (V;, Pi—y, ..., Pi—1, My). A continuum of constrained traders i € [0, 1]
choose end-of-period positions z;(i) subject to M;. A strategic trader chooses a; € [—a,al, a > 0, and
his inventory evolves as y; = y;—1 + a; with y_; = 0. Competitive liquidity suppliers clear net order
flow and P, is realized by the price formation rule specified below. The rule designer computes a

price-based input from the realized window and posts next-period margin,
Iy =T(Bomtts- -, B, M1 = g(Ty).

Att+1, My applies. Breaching accounts adjust immediately through forced liquidation, and this
order flow enters the same price formation rule in period ¢ + 1. Constrained traders choose x(7)
as a function of S; and do not condition on P;, which is realized only after orders clear. They may
condition on P; from t + 1 onward since P; € Sy, 1.

2.2 Price formation

Let X; = fol x¢(7) di be the aggregate constrained position at the end of period ¢, and let AX; =
X+ — X¢—1 be constrained traders’ net order flow in period ¢. Total net order flow is

Qr = AX; + ar.
Transaction prices follow linear price impact with slope o > 0:
Pr=Vi+aQi=Vi + a(AX; + ar). 2)

Thus « is the local price response to order flow, including forced-liquidation flow.®

% Appendix A.4 allows a general impact; for the main results only the local sensitivity of P; to Q; around the benchmark
path matters.



2.3 Margin update rule and price-based risk input

The rule designer sets next-period per-unit initial margin by

M1 = g(Ty), 3)

where g : Ry — (0,00) is public and increasing. In the baseline model the risk input is realized
variance computed from transaction prices over the m-period window:
m—1
Te=RVi= ) (Pj—Pij1)*. 4)

J=0

Since transaction prices satisfy (2), trading within the window moves the sampled marks and there-
fore shifts I';.”

2.4 Constrained traders

A continuum of traders i € [0, 1] face initial margin. Trader i has equity E(i) > 0 and must satisfy
|z (4)] My < E(2). (5)

When M, is posted, any trader who violates (5) must reduce exposure at ¢ + 1 until the constraint
holds; this adjustment is forced liquidation. For transparency, the main text uses a target-with-cap
rule. Let Z; € R be a public target chosen from the pre-trade state S; (Section 2.1), before the strategic
trade and before P, is realized. The realized position is the target clipped by the margin cap:

x4(1) = (&g, E(i)/My) = sgn(Ty) min{|y‘:t, lj\z) } . (6)

Aggregate constrained exposure is

1 .
Xt = X(Mt, i‘t) = A Sgn(a_ct) mm{ ‘i’t’, E]\i—i)} di. (7)

When M, rises, caps E(i)/M;y; tighten; if targets remain high, X;; falls and the reduction is
liquidation order flow at ¢ + 1. The analysis uses only the state-dependent slope of forced flow with
respect to the next posted margin in states where the constraint binds. Define

OX (M, Zyy1)

ex(8) = = =37

: (8)

M=M;41

where the derivative is evaluated at the benchmark path and holds fixed the constrained sector’s
period-t + 1 targets chosen from S; | before enforcement. Under the target-with-cap rule, cx (S;) > 0
whenever a positive mass of traders is margin-binding. Appendix B replaces the target rule by a

7Section 4.2 and Appendix A.3 allow T; to be any price-based functional of the sampled prices. The proofs use only the
local directional sensitivity of I'; to perturbations of the sampled prices.



forward-looking constrained sector that anticipates the update and chooses positions optimally. In

that equilibrium the constrained block enters the mechanism only through the local liquidation slope

aX*(M, St)

eff
C (St) - — .
X OM | y_u,,

Once positions are endogenous, the key question is whether the requirement is locally binding in
the states of interest. That is exactly what the effective slope 5 (S;) captures: the local response of
aggregate forced adjustment to M, after allowing for anticipatory repositioning or within-window
re-optimization. Those are the relevant states for design. When the requirement binds, the update
mechanically generates forced trading and price pressure, so implementability has to be evaluated
there rather than in slack states. Anticipation can reduce this elasticity, but it does not alter the logic
of the theorem. The amplification condition and the associated slope restriction are both written
in terms of c$¥(S;), so they apply whenever c$f(S;) > 0. Under standard concavity assumptions,
SE(S;) = 0 only when no participating trader is locally constrained by M;, 1, that is, when the re-
quirement is locally slack for the relevant set, or participation is negligible, in that state.?

2.5 Strategic trader and round trips

A strategic trader (or manipulator) chooses a predictable trade sequence ay, . . ., ar over a fixed hori-
zon T, where a; > 0 corresponds to a buy and a; < 0 a sell. A round trip is a trade sequence with

net-zero inventory at the end of the horizon:

T
Z ay = 0. (9)
t=0

The resulting inventory process is y; = ZZ:O as. Let P, denote the transaction price at time ¢. The
trader’s trading profit is

T
HT(GO:T) = - Z a Py. (10)
t=0

We allow an optional quadratic inventory penalty x > 0. The resulting inventory-adjusted profit is

T-1

5 (ao.r) = T (aor) — K Y ;- (11)
t=0

Finally, we optionally impose a hard funding constraint: there exists F' > 0 such that the trader’s
margin outlay never exceeds F:
My | < F for all t. (12)

81t is difficult to treat endogenous adjustment as a general resolution of the mechanism in the theorem. The empirical ev-
idence overwhelmingly shows that when collateral or funding constraints bind, the result is not frictionless re-optimization
that neutralizes forced flow, but sizable, state-dependent liquidity demands, forced sales, fire-sale externalities, and price
spillovers. See, among others, Murphy et al. (2014, 2016); Aldasoro et al. (2023); King et al. (2023) on margin-call-induced
liquidity demands, and Coval and Stafford (2007); Duarte and Eisenbach (2013); Greenwood et al. (2015) on forced sales
and spillovers in binding states.



This constraint only restricts the maximum admissible trigger size and plays no role in the local gain

mechanism.’

2.6 Information and equilibrium

A constrained trader i follows a Markov policy ¢¢ : S — R, where the public state space is S =
R xR x (0, 00). The policy maps the current public state into an end-of-period position that satisfies
(5). Fix a benchmark policy profile {o¢ }ieo,1]- The strategic trader enters only as a deviator. Along
the benchmark path he does not trade. Starting from a benchmark state S;, we ask whether there
exists an admissible finite-horizon round trip that earns strictly positive conditional expected profit
through its effect on the next margin update, taking primitives, constrained-trader policies, and the
margin rule as fixed. One such profitable deviation is enough to violate sequential optimality and
therefore to reject manipulation-proofness at that state as in Definition 3.

We use (.)(0) for benchmark, or no-deviation, objects. Fix S;. Let Pt(o) denote the period-t trans-
action price under the benchmark and define the last return by RS)) = Pt(o) — P, Let RV;(O) be
realized variance computed from the sampled prices (P;—,, ..., Pi—1, Pt(o)), and let Mt(fi)l = g(RVt(O))
be the posted margin. Because {¢¢} is Markov in S; and price formation follows (2), the objects
(Pt(o)7 R,EO), RVt( ) Mt@l) are measurable functions of S;. A state is reachable if it arises along the
benchmark path induced by {o¢}, g, and (2). All local assumptions are imposed only on reachable
states.

Definition 1 (Markov equilibrium under the margin rule). Fix g and the risk statistic (4). A Markov
equilibrium is a pair ({00}16[0 1], P) such that, for every ¢, (i) constrained traders choose z(i) =

(St )and X; = fo (St) di; (ii) the transaction price satisfies (2) with Q; = AX; along the equi-
11br1um, (iii) the margin designer sets Mt( +)1 = (RV;( )), where RV;( ) is computed from realized

transaction prices.

3 Properties and main results

3.1 Three desirable properties

Theorem 1 is a non-joint-feasibility result: if risk sensitivity and liquidity continuity hold, we con-
struct one admissible finite-horizon round trip with strictly positive conditional expected profit, so
round-trip manipulation-proofness fails. We want to stress that liquidity continuity is a market-

functioning desideratum; it is not the property contradicted in the proof.

Definition 2 (Risk sensitivity). A margin rule M;,, = g(I';) is risk-sensitive on an interval I C R if
g is differentiable on I and there exists ¢, > 0 such that ¢’(r) > ¢, forall r € 1.

Risk sensitivity requires nontrivial local pass-through from the measured risk input into posted mar-

gin, as in risk-based margining and incentive-alignment arguments (Biais et al., 2016).

? Appendix A.5 adds proportional execution and linear funding wedges; these only add a minimum quantity feasibility
restriction.
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Definition 3 (Manipulation-proofness). A mechanism is round-trip manipulation-proof at a state .S;

if for every admissible round trip a7,
E[II%(att+1) | St] <O0.

This is the standard no-manipulation requirement in price-impact settings: profitable round trips
correspond to manipulation/dynamic arbitrage and are ruled out by canonical no-manipulation con-

ditions on price impact (Huberman and Stanzl, 2004).

Definition 4 (Liquidity continuity). Fix a Markov equilibrium (Definition 1). The mechanism has
liquidity continuity if the mapping S; — (Pt(o), Xt(o)) is continuous on the set of reachable states and,

for each reachable S;, the map
e (Pue), Xu(e), Prya(e), Xet1(e))

is continuous at € = 0, where P;(¢) and X,(¢) are the outcomes when the strategic trader submits an
additional trade € at time ¢ (relative to the benchmark with zero strategic trade) and all primitives are
held fixed.

Liquidity continuity rules out endogenous liquidity cliffs: arbitrarily small within-window pertur-
bations cannot trigger jumps in prices or aggregate positions. It is a continuity requirement, not a
bound on steepness; discontinuities typically come from kinks, thresholds, or stepwise overlays in
the composite mapping from sampled marks into posted margin (Brunnermeier and Pedersen, 2009;
Shleifer and Vishny, 2011).

3.2 Assumptions

Fix a reachable benchmark state S; and hold primitives and other agents’ policies fixed. We construct
a local two-step deviation. A trade at ¢ changes the last sampled price P, shifts the risk input, here
RV;, and therefore changes the posted margin M; . When the requirement binds, the higher margin
forces liquidation at ¢ + 1 and, through price impact, moves P;;1. Reversing the initial trade can
then profit from this predictable liquidation-driven price pressure. The proof bounds each step in
this local transmission chain. Appendix A states the corresponding conditions for a generic price-
based input and for non-smooth implementation features using one-sided slopes and directional
derivatives. Nicolai and Risteska (2026) characterize multi-period trigger-and-reverse strategies for
fixed deterministic update rules; here it is enough to show that one such profitable deviation exists.

Assumption 1 (Local slope of the margin rule). There exists an interval I = [r,7] C R4 such that g is
differentiable on I and
g (r) € [cg,Cq] forallr eI,

with 0 < ¢y < Oy < 0.

Assumption 2 (Local sensitivity of the risk input). At S, RVt(O) € int(/) and \R§0)| > R for some R >
0. The strategic trader can trade in either direction with capacity a > 0. In the explicit construction

we take REO) < 0; the case REO) > ( is obtained by reversing signs.
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Assumption 3 (Local liquidation slope under binding margin). At .S; with RV;(O) € int([), there exist
cx > 0and 6x > 0 such that, holding the period-t target z; fixed, the mapping M — X (M, z;) is
continuously differentiable on [M;, M; + d x| and satisfies

0X

—6—M(M,it) >cx forall M € [M;, M; + dx].

Assumption 3 is the statement that when a positive mass of traders is margin-binding, a higher
posted margin forces a first-order reduction in aggregate exposure. Under the target-with-cap policy
it holds in any such binding state. Appendix B endogenizes targets in a forward-looking equilibrium;
in that case the same condition holds with cy replaced by the equilibrium slope ¢$ (S;), the derivative
of equilibrium aggregate exposure with respect to the next posted margin.

Assumption 4 (Price impact). a > 0.

3.3 Auxiliary lemmas

We isolate four links used in the two-step deviation: (i) how RV; moves when the last sampled
mark P; moves, (ii) how g maps this into M;,, (iii) how a higher margin forces liquidation when

constraints bind, and (iv) how that forced flow moves P;; under linear impact.

Lemma 1 (Sensitivity of realized variance to the last price). Fix (P;—,, ..., P.—1) and a benchmark last
price Pt(o). Let R,EO) = Pt(o) — Pi_1. The map p — RVi(Pi_p, ..., Pi_1,p) in (4) is differentiable and

ORV;
oP; |p,_ PO

=2R".

If|R§0)\ > R > 0, then for any AP with sgn(AP) = sgn(Rgo)),
RVi(P” + AP) — RV,(P\")) > 2R |AP|.

Proof. Holding (P, . .., Pi—1) fixed, only (P; — P,_1)? depends on P, so

ORV;
oF;

= Q(Pt - Ptfl)a

and evaluating at Pt(o) gives 2R§0). Also,
RVy(P + AP) - RV,(PY) = (R") + AP)? — (R())2 = 2R\ AP + (AP)2.

If sgn(AP) = sgn(RﬁO)), then Rl(to)AP = ]Rl(to)\|AP| and (AP)? > 0, so the difference is at least
2|R\"V||AP| > 2R|AP]. 0

Lemma 2 (Pass-through from RV} to margin). Under Assumption 1, for any RV, RV’ € I with RV’ >
RV,
g(RV') — g(RV) > ¢4 (RV' — RV).
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Proof. By the mean value theorem, g(RV’) — g(RV') = ¢/'(§)(RV’ — RV) for some ¢ between RV and
RV'. Assumption 1 gives ¢/(§) > ¢,. O

Lemma 3 (Liquidation induced by a margin increase). Under Assumption 3, there exists dp; > 0 such
that for all AM € (0,6ur),

L(AM) = X (Mg, %) — X (My + AM, ;) > cx AM,
and AM — L(AM) is continuous on (0, 7).

Proof. Write X(M) = X(M,z;) and set 0psy = dx. For AM € (0,d5), the mean value theorem gives
X(My+AM)—X (M) = X'(§)AM for some & € (M, My+AM). Assumption 3 implies X' (&) < —cx,
so L(AM) > cx AM. Continuity follows from continuity of X on [M;, M; + . O

Lemma 4 (Liquidation-induced price change under linear impact). Fix t+1. Suppose the margin update

induces additional forced liquidation L > 0 at t + 1 relative to the benchmark. Let AXt(?r)1 be benchmark
(0)

constrained order flow at t + 1, so realized constrained order flow is AXyy1 = AX, [, — L. If the strategic
trader buys q € [0,a] at t + 1, then

Pii1 =V + a(AXé—(f)—)l —L+q).
Holding AXISP1 fixed, the liquidation component is —oL.

Proof. Substitute Q¢+1 = AX1 +¢q = AXt(E)r)l — L + g into (2). O

3.4 An explicit round trip

This section provides a transparent two-period deviation that exposes the feedback loop. Fix a time
t and consider a trader who sells ¢ > 0 at ¢ and buys ¢ at ¢t + 1. The trade sequence is (a;, ai+1) =
(—¢, q), and the end-of-horizon inventory is zero. For the realized-variance specification (4), a sale at
t changes the time-t return from R,EO) to Ry = RS’) — aq and hence changes realized variance by

ARV, = RV; — RV,” = 2R (—aq) + (aq)®. (13)

0 . . . L . . "
When R,E ) < 0, a sale increases realized variance, which increases margin when g is risk-sensitive.

To simplify notation, define the local sensitivity constant

crv = 2|RY|.

Then, under the sign choice REO) < 0, we have ARV; > cryaq. Combining this with risk sensitivity

of g and the liquidation elasticity yields a lower bound on forced liquidation at ¢ + 1 of the form
L > cxcycrvaq.
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Define the corresponding feedback gain
Gt = acxcycry . (14)

The next lemma computes the profit from the two-period round trip.

Lemma 5 (Profit from the two-period round trip). Fix a reachable state S satisfying Assumptions 1—4.
Consider the two-period round trip (at, ar+1) = (—q, q) with ¢ > 0. Suppose q is admissible, meaning that all
locality restrictions hold (including RV; + ARV, € (r,7) and My + AM,;y € I) and that the hard funding
constraint (12) holds if imposed. Then the expected inventory-adjusted profit satisfies

E[If | 8] > aq (Gig — 2q) — kq* = ((Gy — 2) — k) ¢°. (15)

In particular, if o(Gy — 2) > &, then E[II§ | S;] > 0 for every admissible ¢ > 0 (equivalently, for every
q € (0, gmax| in the local range).

Proof. Under the round trip, Il{ = —a;P; — at+1 P41 — kly:|?. Since a; = —q, ;11 = q, and y; = —q,
this becomes

1§ = q(P; — Pry1) — kq°.

Write prices under the deviation relative to the benchmark: P, = Pt(o) —agand Py = Pt(J?)l +a(qg—1L).
Hence
P — Py = (P = P2 + a(L — 29).

Assume the benchmark has no predictable drift from ¢t to ¢ + 1, i.e,, IEJ[Pt(ﬂ)1 | S¢] = Pt(o), SO E[Pt(o) -

Pt(f:)l | St} = 0. Taking conditional expectations gives
E[If | St = aq(L — 2q) — rg*.

Substituting the lower bound L > cxcycry g yields (15). O

It is worth stressing once more that the deviation is local. Admissibility requires the trade to be small
enough that (RV;, M;1) remains in the risk-sensitive region and within the model’s local elasticity
bounds. In the present special case, this means 2 ‘REO)‘ ag+ o’ <7 — RV;(O) when the deviation
raises RV;. Lemma 5 then shows that, whenever the local gain condition holds, expected profit is
strictly positive even for arbitrarily small admissible trigger sizes.

3.5 Main Theorem

Lemma 5 gives a transparent two-period deviation and isolates a local gain condition under which
the expected profit is strictly positive for arbitrarily small triggers. Call a trigger size ¢ > 0 admissible
at S; if all locality restrictions required by Assumptions 1-4 (and, when imposed, the capacity and
hard-funding constraints) continue to hold under the deviation. Let ¢nax(S:) € (0, 00] denote the

supremum of admissible trigger sizes at S, so that every ¢ € (0, gmax(St)] is admissible. '

!0A sufficient admissible range can be constructed explicitly by bounding how far the deviation can move the risk input
and next-period requirement; one convenient choice is gmax = min{qr, gnr, @, F'/M;} with gr ensuring RV; + ARV, < T

14



Theorem 1 (Impossibility). Suppose Assumptions 1—4 hold at a reachable state Sy (and the benchmark drift
condition used in Lemma 5 holds). If a(Gy — 2) > k and ¢max(St) > 0, then the mechanism is not round-
trip manipulation-proof at Sy: for every admissible q¢ € (0, gmax(St)], the two-period round trip has strictly
positive conditional expected inventory-adjusted profit. Consequently, risk sensitivity (Definition 2), round-
trip manipulation-proofness (Definition 3), and liquidity continuity (Definition 4) cannot hold simultaneously
at S;.

Proof. Fix any admissible g € (0, gmax(S¢)]. By Lemma 5,
E[ITf | 51 > (a(Ge = 2) — k) ¢

Under a(G; — 2) > &, the right-hand side is strictly positive for every ¢ > 0, so E[II{ | S;] > 0. This
violates round-trip manipulation-proofness (Definition 3), hence the three properties cannot all hold
at St. ]

Three points matter for interpretation. First, Theorem 1 is local. Under the gain condition, ex-
pected inventory-adjusted profit is strictly positive for every admissible trigger size ¢ € (0, gmax), SO
the mechanism does not require large trades or large price moves. Second, the theorem concerns
states in which the constraint already binds. The trader does not need to make a slack constraint
bind; a marginal increase in M;; is enough to reduce aggregate exposure at the margin. Third, the
predictable component is created by the update rule itself. The argument does not require predictable
drift in fundamentals, and it applies even when the underlying impact model is manipulation-free
absent this feedback channel.

The proof uses a two-period round trip because manipulation-proofness is an incentive condition:
one profitable deviation is enough to violate it at the state under study. In practice, requirements reset
repeatedly, so the same logic can operate across update cycles. Nicolai and Risteska (2026) develop
that dynamic extension. They show that optimal finite-horizon strategies combine trading against
predictable post-update forced flow with trades inside the sampling window that reshape later re-
balancing by moving the measured statistic. The same two objects govern that dynamic problem: the
sensitivity of the risk input to sampled transaction prices and the local slope of g in binding regions.

Theorem 1 also yields a design restriction. In binding states, a risk-sensitive rule passes sam-
pled transaction prices into next-period requirements at first order. If that pass-through is strong
enough, risk sensitivity, liquidity continuity, and manipulation-proofness cannot coexist. A price-
based margin rule that seeks to avoid this problem must therefore limit short-horizon pass-through
from sampled prices into posted requirements. This provides a structural rationale for slope limits,
smoothing, and buffers. Section 6 shows that, in empirically interpretable units, the implied restric-
tion can tightly bound how fast posted requirements may respond to short-run changes in measured

risk.

Corollary 1 (Implied local slope cap). Fix a reachable binding state S; satisfying Assumptions 2—4 and

suppose g is differentiable at the benchmark input RVt(O). If liquidity continuity holds at S; and the mechanism

and gys ensuring Mt(i)l +AMiq < Mt@l +0x.
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is round-trip manipulation-proof at S;, then the local pass-through slope must satisfy

0 200+ K 200 + K
g (RV) < 205 = oIt (16)
Q“CxXCRV 2OZQCX ’Rt

where cry = 2 ‘RISO)‘ is the local sensitivity constant of the risk-measure. In particular, since ‘REO)‘ <

RV;(O), a sufficient implementable envelope stated as a function of the variance-type input alone is

20+ K

/
< ———rx.
g(r) < Salex (17)
Equivalently, writing o = \/r and (o) = g(c?), the envelope implies the constant volatility-scale cap
-~ 200 + K
< —-
g(o) < oZex (18)

Proof. Suppose, toward a contradiction, that ¢’ (RV;(O) ) > (2a + k) /(a®excry). By continuity of ¢/,

there exist an interval I containing RVt(O)

and a constant ¢, > 0 such that g (r) > ¢, forallr € I and
¢y > (2a+k)/ (a®cxcry). Choose ¢ > 0 small enough that the deviation keeps the perturbed input

inside I and within the local elasticity region of Assumption 3. Then Lemma 5 implies
E[IIf | S¢] > (a(acngcRV —2) — k) ¢ >0,

which contradicts round-trip manipulation-proofness at S;. Hence (16) must hold. The envelope (17)
follows from ‘REO)‘ < RVt(O). Finally, for g(o) = g(0?) we have §'(0) = 20¢'(0?), and (18) follows
from (17). O

3.6 Back-of-the-envelope magnitudes

The magnitude implication in Theorem 1 can be summarized by two objects that map directly into
data. First, the forced-liquidation multiple G = L/q, where q is the trigger trade at the sampling time
t and L is the additional forced liquidation at ¢ 4- 1 induced by the higher posted requirement. Under
linear impact, G is the number of units liquidated per unit triggered. Lemma 5 implies that the two-
period trigger-and-reverse deviation is profitable when o(G — 2) > k. The T-periods deviation is in
general less demanding. Second, the sampled-price distortion. Let d},,s denote the distortion of the
sampled mark created by the trigger trade, in bps of notional. With P, = Pt(o) — agq, the relative price
displacement is aq/P;, so dpps = 100 dy, where dg, = 100%‘3. A conservative way to discipline dyps is
to express the trigger size in participation units f = (¢F;)/ADV, where ADV is average daily traded
value. Using a standard square-root scaling of impact in participation units, we use the benchmark
mapping Spps(f) ~ 200+/f, with f measured as a fraction of full-day ADV.!! Using full-day ADV

""The square-root form is a standard empirical benchmark for how implementation shortfall scales with participation
(Frazzini et al., 2018; Kyle and Obizhaeva, 2016). To fix a conservative scale, start from an empirical one-way average cost
curve costops(f) & k+/f, where f is the trade size as a fraction of daily volume. Estimates in Frazzini et al. (2018) suggest
k on the order of 100 bps, so a 1% of ADV trade has average one-way cost about 1001/0.01 ~ 10 bps. The distortion that
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is conservative for margining because marks are typically computed from a much shorter sampling
window, so effective participation within the window is higher than f. Lemma 5 implies the profit-

per-notional lower bound in percent units,

E[ML | St]

= 100
% qbP

> (G - 2) 5%7
equivalently, in bps units,
Thps = 10079, > (G — 2) Spps.

Normalizing by peak margin usage mqP;, where m = M;/P; is the margin ratio, the implied return-
on-margin is
EML [ Si] (G —2)0ups
I% =1 > .
ROI% 00 maqP; 100m

For example, if f = 1% so that dpps ~ 20, and G = 6, then m,,s > 80 bps in one update and
ROI% > 80/(100m); for m = 7%, this is about 11% return on posted margin for a single reset.

Then, a simple accounting identity rewrites G = L/q in terms of observable quantities. Let X
denote the constraint-sensitive sector’s position and define the position-to-margin elasticity ex rr =
—dlog X/dlog M. For a relative requirement change AM /M,

L AM

~ NEXM Y,
X M

Define the turnover ratio 7 = (X P;)/JADV . Since f = (¢P;)/ADV,wehave q/X = f/7, and therefore

G = L R ex MA—MZ.
q M f
This highlights why the theorem has bite in binding states: (i) short-horizon margin moves AM /M
can be large under standard risk-based models; (ii) impact and thus ;s are larger in stress; (iii) G
grows when the constrained sector is large relative to market depth (7 high) and when the trigger is
a small fraction of volume (f small). Appendix C provides the empirical calibration of e x a7, AM /M,
and dpps(f).

Table 1 interprets the two-period trigger-and-reverse deviation in economically familiar units.
Panel A reports the forced-liquidation multiple G = L/q¢: the number of units of constrained-sector
liquidation induced at ¢t + 1 per unit of trigger trade executed at the sampling time ¢. Values well
above 2 mean that the forced-flow response overwhelms the trader’s own round-trip impact loss,
which is the profitability screen in Lemma 5. Panel B translates the same cases into profitability.
Each cell reports a lower bound on (i) profit in bps of trigger notional, s, and (ii) return on posted
margin, ROI%, where the denominator is the post-update margin m;qP;. For example, with f = 1%
participation and a margin jump from 5% to 7%, the table implies G = 9 and a one-update profit

bound of at least 140 bps on the trigger notional, corresponding to at least 20% return on posted

matters for a sampled transaction mark is closer to an instantaneous price displacement at the sampling time. Under the
standard constant-rate execution with linear instantaneous impact, impact ramps from 0 to a terminal (peak) displacement,
so the time-average displacement paid is half the peak; equivalently, peak displacement is about twice the average cost.
We therefore use the conservative mapping dups(f) & 2k+/f &= 200+/f.
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Table 1 Illustrative profitability
The table reports illustrative one-update profitability for the trigger-and-reverse deviation under conser-
vative benchmark parameters: ex p = 0.225 (Hedegaard, 2014), 7 = 1, and dpps(f) =~ 200/ f (Frazz-
ini et al., 2018). Columns correspond to margin jumps from mg = 5% to my € {6%,7%,8%} (so
AM/M € {20%,40%,60%}). Panel A reports the implied forced-liquidation multiple G = L/q. Panel B
reports the corresponding lower bounds for profit in bps of trigger notional, 7,5, and return on posted
margin, RO1%, computed from 7,55 > (G — 2)0pps and ROI% > mpps /(100 my).

m0:5%%m1:6% m0:5%%m1:7% m0:5%%m1:8%

Panel A: liquidation multiple G = L/q

f=05% 9.0 18.0 27.0
F=1% 45 9.0 135
f=2% 2.25 45 6.75

Panel B: profitability lower bounds
Tbps > (G —2)0pps and  ROI% > myps/(100my)

Wbps/ROI% ﬂbps/ROI% Fbps/ROI%
f=0.5% 99.0/16.5 226.3/32.3 353.6/44.2
f=1% 50.0/8.3 140.0/20.0 230.0/28.8
f=2% 7.1/1.2 70.7/10.1 134.4/16.8

margin in a single update. Even in the mildest scenario (5% — 6%) at f = 1%, the bound is 50 bps
and 8.3% on margin.

These numbers are deliberately conservative in three ways. First, d,ps(f) is disciplined using
full-day ADV rather than the typically thinner settlement or snapshot window. Second, the ROI
denominator uses the higher post-update margin m, rather than the pre-update margin m,. Third,
the table reports only the direct one-step margin-update channel captured by Lemma 5. It therefore
understates profits from dynamic attacks that repeat the mechanism across update times, exploit state
dependence of impact and margin sensitivity in stress, or combine trigger and harvest legs across
contracts under portfolio margining (Section 5). The calibration inputs behind Table 1 (elasticity
ex, M, stress-time margin moves AM /M, and the impact mapping dps(f)) and the full sensitivity
grids over (ex a7, 7, f) are collected in Appendix C.

3.6.1 How large are one-update margin moves in practice?

In Table 1 we use 20%, 40%, and 60% increases in posted margin as benchmark cases. These magni-
tudes are realistic under risk-based initial margin models, even with anti-procyclicality (APC) tools.
APC tools mainly raise margins in calm periods through buffers and floors. That lowers return on
margin mechanically, but it does not eliminate large stress-time increases unless the floor or buffer is
so large that risk sensitivity is materially weakened.

Murphy et al. (2014) report short-horizon margin calls of this order as a share of portfolio value.
Interpreted as changes in the required margin ratio, and starting from a representative margin level
of about 5% (Hedegaard, 2014), their results imply increases of about 20% over one day and about
40% over multi-day horizons under standard specifications. If margins start from an unusually calm

state, the same absolute call implies an even larger relative increase. Evidence from March 2020
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points in the same direction. Gurrola-Perez (2020) documents large short-horizon increases for S&P
500 futures under filtered historical simulation VaR and shows that materially reducing the largest
multi-day jumps requires large APC floors, at the cost of substantially higher margins in normal
times. This is exactly the tension in the theorem: reducing stress-time jumps requires limiting local
pass-through, which moves the rule away from local risk sensitivity.

The same logic is not specific to CCPs. Any price-based rule that maps sampled prices into a
binding requirement can generate large short-horizon adjustments in binding states, and those are

precisely the states in which the profitability screen in Lemma 5 is relevant.

4 Extensions

For exposition, the main text uses a deliberately bare-bones specification: linear price impact, a
realized-variance risk input, and a simple margin-cap demand rule. Here we record extensions use-
ful for interpretation.

4.1 Continuous trading

The discrete-time indexing in Sections 2-3 indexes margin update times. Trading can be continuous
between updates without changing the argument, because the the risk input is computed from a
sampling grid of prices and applies the margin update at discrete times. Fix an update interval
h > 0 and update times t,, = nh, n = 0,1,2,.... Let P, = P,, and V,, = V;,. Let AX,, denote the
constrained traders’ net order flow aggregated over (t,,—1, t,], and let a,, denote the strategic trader’s
net order flow over the same interval. At update times, transaction prices satisfy

P, =V, 4+ a(AX, + ay), (19)

realized variance is computed from the last m sampled marks,

m—1
RVy =Y (Puj—Puj 1), (20)
=0
and next-period margin is
M1 = g(RV,). (21)

Constrained traders face the same margin constraint at update times and adjust mechanically when
M, 11 is posted.

Proposition 1 (Continuous trading with discrete margin updates). Fix ~ > 0 and the update-time
model (19)—(21). Suppose the local assumptions of Section 3.2 hold at some reachable update-time
state, interpreted with (P, Vi, RV;, M) replaced by (P, V,,, RV, M,,). Suppose also that the local
conditions of Lemma 5 hold at that state (with ¢ replaced by n). Then the same two-step round trip
(net selling over (t,—1,t,] and net buying over (t,,t,+1]) delivers the same profit lower bound (15).
In particular, whenever the amplification condition in Lemma 5 holds, the impossibility result of

Theorem 1 applies at that update-time state.

19



Risk measures are typically computed from settlement prices, end-of-day marks, or specified intra-
day snapshots. Even in a continuously traded market, the risk input is built from a discrete sample,

and the margin update is a discrete event.!?

4.2 Alternative risk inputs

We use realized variance in the main text because its local sensitivity to the last sampled price is
transparent. The mechanism does not rely on squaring returns. What matters is that the CCP com-
putes a price-based risk input from sampled marks, and that some implementable perturbation of a

sampled price moves this input at first order.

4.21 A generic price-based risk functional

Let the CCP compute a scalar risk statistic from the sampled price vector,
Ly =T(Pm,...,B), My = g(I'y).

The Appendix allows non-smooth I' and non-smooth overlays inside g. Here we isolate the single
local property that replaces the realized-variance sensitivity used in the main text.

Assumption 5 (Local one-sided sensitivity of a generic risk statistic). There exists a reachable state .S;
such that I'; € int(/r) for some interval It C R4, and there exist a sign choice and a constant cp > 0
such that, holding (P;—, ..., P—1) fixed,

F(Ptfma"'vptflvpt_'_AP)_F(Ptfmw"aptflypt) > CF|AP|

for all sufficiently small AP of that sign.

Assumption 5 says that, at some reachable state, there is an implementable one-sided perturba-
tion of the last sampled price that raises the risk input at a nontrivial linear rate.

Theorem 2 (Impossibility for a locally sensitive price-based risk input). Replace (4) by I'y = I'(Pi—p, ..., P})
and (3) by M1 = g(T'). Replace Assumption 2 by Assumption 5. Assume g is risk-sensitive on an interval

Ir containing 'y in its interior, and retain Assumptions 3—4 and the local conditions used in Lemma 5. Then,

for the same two-period round trip (sell q at t and buy q at t + 1) and for q small enough that the perturbed T'
remains in I,

E[IIT | St > ag(acxcqerq —2q) — kqg® = (a(acXCQCF —-2)— /@)qQ.

!2This extension speaks directly to the view that continuous trading between update times eliminates the mechanism.
It does not. For any fixed update interval h > 0, Proposition 1 applies unchanged, because the CCP still computes the
risk input from a discrete set of marks and resets margin at discrete times. The only boundary case in which the first-
order effect can vanish is an idealized diffusion limit that simultaneously (i) lets the sampling grid become arbitrarily
fine, (ii) assumes continuous price paths, and (iii) keeps the trader’s per-update trade size bounded, so that ARV,, =
2R, AP, + (AP,)* with R, = O(v/h) and the linear term disappears as h | 0. But that is not continuous trading in
any institutional sense. It requires a smooth constraint to be recomputed and enforced essentially continuously from a
continuously sampled price path, with no discrete marks, such as settlements, auctions, or snapshots, and no operational
non-smoothness, such as thresholds, rounding, or stress add-ons. Actual margin systems continue to rely on discrete marks
and discrete enforcement, including in deep and liquid markets. Proposition 1 therefore covers the economically relevant
case.

20



In particular, if acxcger > 2 + k /o, then E[II§ | S;] > 0 for every admissible q in the local range.

Proof. With AX; = 0, selling ¢ at t moves the time-¢ transaction price by AP, = —agq. By Assump-
tion 5 (choosing the sign appropriately),

AT > cp|AP,| = croag.

Risk sensitivity of g on It yields AM; 1 > ¢,Al'y > cyeraq, and Assumption 3 yields L > ex AM;q >
cxcgeraq. The profit identity in Lemma 5 gives E[IIf | S;] = aq(L — 2q) — rg?, so substituting the
lower bound for L yields the claim. O

4.2.2 VaR/ES built from volatility

A common implementation sets margin proportional to a VaR or ES multiple of a volatility estimate,
for example I'; = 2,6, or I'; = k,6;. If 6, loads on recent squared returns with positive weight, then
¢ inherits a local first-order sensitivity to a perturbation of a sampled price whenever the relevant
sampled return is not exactly zero. For the special case 6, = \/RV;/(m — 1),

8&t 1 aRV;f Rt

P, 2/(m— DRV, 0P  \/(m- DRV,

This expression highlights a sharp state dependence: holding the most recent return R; fixed, the lo-

cal slope scales like 1/4/RV;. Hence the same small perturbation of the last sampled mark has a much
larger effect on 4, after a quiet spell (low RV;) than in an already volatile state. Put differently, low
past measured risk is precisely when volatility-based risk inputs are locally steep: a single nontrivial
return arriving after low realized variance mechanically produces a large change in 6, and therefore
in Ty and M.

Existing leverage-cycle and endogenous-risk work focuses on an equilibrium channel: when mea-
sured risk is low, constraints and funding terms loosen, balance sheets expand, and fragility accumu-
lates (Adrian and Shin, 2010; Brunnermeier and Pedersen, 2009; Geanakoplos, 2010; Brunnermeier
and Sannikov, 2014; Danielsson et al., 2004). Our point is different. We isolate a purely mechanical,
local object for price-based rulebooks: the directional sensitivity of the posted requirement to a ma-
nipulable sampled mark. For volatility-based inputs this sensitivity is steepest precisely in tranquil
states (low recent RV;), so the states that look safest under the rulebook are also the states that are
easiest to move at first order. To the best of our knowledge, this link between low measured risk
and maximal first-order manipulability of price-based constraints is not made explicit in the existing
leverage-cycle and procyclicality literatures. It is central for large, liquid markets, which spend long
stretches in low-volatility regimes.
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4.2.3 Scenario maxima, quantiles, and kinks

Many margin rules compute a scalar risk number as a maximum over scenarios or as a high quantile

of scenario losses:

Ft = r;aeag ls(Pt—m:t)7 or Ft = Quantilep (ll(Pt_m;t), ey ZN(Pt—m:t)) .
These mappings are typically non-differentiable when the identity of the worst scenario changes.
Away from kink points, a single active scenario governs the slope, and the analysis reduces to Theo-
rem 2 with cr equal to the one-sided slope of the active scenario. At kink points, the relevant object
is a directional derivative or subgradient, which is handled in the Appendix.

4.2.4 Hard trimming and margin cliffs

To illustrate how hardening a risk input can interact with continuity, consider trimming, which dis-

cards sampled returns whose absolute size exceeds a cutoff:

m—1
pirim _ Z(Pt—j — P 1)* 1{|P—j — P_j_1] < ¢}, c>0. (22)
j=0

A return just below c is counted (contributing close to c?), while a return just above c is dropped
(contributing 0). This creates a discrete change in the risk input, and therefore a discrete change in

posted margin under any strictly increasing margin mapping.

Proposition 2 (Hard trimming creates discontinuous margin updates). Fix ¢ > 0 and define T'{"™ by
(22). Assume g is strictly increasing and continuous. Holding (P;—, ..., P—1) fixed, the mapping
Py +— Myyq = g(I'¥1™) is discontinuous at any state with |R;| = ¢, where Ry = P, — P;_;.

Proof. Holding (P;—y,, ..., Pi—1) fixed, write rim — A4 (P, — P,_1)?1{|P, — P,_1| < ¢} for a constant
A. At|P,— Pi_1| = ¢, perturbing P; slightly toward the interior makes the indicator equal to 1 (adding
about ¢?), while perturbing slightly outward makes it equal to 0 (adding 0). Hence I'*'™ jumps by ¢?
at the cutoff, and by strict monotonicity of g, so does M; ;. O

Winsorizing (capping the squared return at ¢? rather than dropping it) restores continuity, but
creates locally flat regions in which marginal sensitivity is zero once the cap binds. These exam-
ples illustrate the design trade-off: efforts to reduce smooth marginal manipulability tend to replace
slopes with kinks, caps, or cliffs, and those features interact directly with continuity and risk sensi-
tivity.13

BIn the mechanism, profitability is governed by a local amplification: the product of (i) sensitivity of the risk input to
sampled prices, (ii) pass-through from the input to posted margin, (iii) the margin elasticity of constrained demand, and
(iv) price impact. Slope caps (winsorization) and hard thresholds (trimming, stepwise overlays) limit this amplification by
flattening local slopes or concentrating adjustment at kinks. We use these examples only to illustrate how robustification
interacts with continuity and sensitivity; the optimal choice of overlays is taken up in the design problem.
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4.3 Strategic constrained traders

The baseline model takes the constrained sector’s target exposure as predetermined at the start of
the pricing window. Appendix B relaxes this. Constrained traders are forward-looking: they choose
targets anticipating that within-window trading can move the sampled mark, raise the posted re-
quirement M; 1 = ¢g(I't), and trigger forced deleveraging with price impact. The appendix therefore
studies a two-sided subgame-perfect equilibrium in which (i) constrained traders choose targets as
a function of the state Sy, and (ii) the strategic trader chooses the trigger size (equivalently a; or ¢)
in response. The only change to the main mechanism is that equilibrium targeting alters the local

forced-flow slope. In the binding states, the relevant object is an effective liquidation elasticity

0X

C%?(St) = _W(

M, 77 (Sh)),

which is weakly smaller than the non-strategic benchmark because forward-looking traders scale
back exposures in states where the update is more susceptible to manipulation. The amplification
condition is therefore modified by replacing cx with ¢5(S;).

Crucially, forward-looking behavior can dampen the loop but cannot eliminate it whenever con-
straints bind locally. If the cap binds at the equilibrium target, then c%?(St) > 0, and the same
two-period trigger-and-reverse logic applies with cx replaced by 5 (S;). Eliminating the channel
requires c$¥(S;) = 0 in the relevant states, which means that endogenous participation collapses
or the constraint is kept slack precisely when risk-sensitive margining is intended to be operative.
The equilibrium response therefore shifts the problem into an economically meaningful trade-off: ro-
bustness to manipulation is obtained through ex ante contraction of constrained-sector exposure and
liquidity.!* From a design perspective, this strengthens the case for limiting marginal pass-through.
Reducing the local sensitivity of posted requirements lowers both the direct profitability of within-
window manipulation and the indirect ex-ante withdrawal of constrained-sector risk-bearing capac-
ity highlighted in Appendix B. In the design problem of Section 6, this is exactly the tension between
the first-best desire for risk-sensitive updates and the implementability requirement that the public

rule remain manipulation-proof in binding states.

5 Multi-asset portfolio margining and cross-contract contagion

It is common to set initial margin at the portfolio level rather than contract by contract. The posted
requirement is a scalar function of a portfolio risk statistic computed from a vector of prices. When
the requirement binds, meeting a margin call can force liquidation in contracts that are not the ones
that most efficiently move the portfolio statistic. This wedge does not arise in the single-contract
model: a trader may be able to move the portfolio risk input relatively cheaply in one subset of
contracts, while the induced deleveraging is concentrated in a different subset. The main point of
this section is that portfolio margining generates a cross-contract manipulation channel and a natural

notion of cross-contract contagion. The same feedback loop is at work: a trade at t moves transaction

“Empirically, this outside-option response is not hypothetical: in centrally cleared repo, increases in CCP haircuts push
safer borrowers toward OTC trading, with a stronger effect for collateral-constrained borrowers Chebotarev (2025).
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prices P;, which shifts the portfolio risk input I'y and hence the posted requirement M;;. If the
requirement binds, the margin call induces forced rebalancing of constrained positions X;;, and the
resulting liquidation order flow feeds back into prices at ¢ + 1. In the multi-asset setting, P; and X;
are vectors, while the margin call is scalar, so the induced liquidation can be concentrated in specific

contracts.

5.1 Setup: vector prices, scalar margin, and cross-margining liquidation

There are K > 1 contracts. Transaction prices and fundamentals are vectors P;, V; € RX. Constrained
traders hold an aggregate vector position X; € RX, with net order flow AX; = X; — X;_1. A strategic

trader submits a trade vector a; € R¥ subject to a capacity constraint |a;||; < a.

5.1.1 Price formation and profits

Price formation at update times is linear with cross-impact:
PtZVZ+A(AXt+CLt), (23)

where A € RE*K is an impact matrix. Trading profit over a horizon T is

T
Hr(ast4r) = — Z a;:_sPtJrs- (24)

s=0
A (vector) round trip over horizon T is a trade sequence (ay, ..., a;y7) satisfying ZST:() arrs = 0in

RX. Fundamentals satisfy the same martingale restriction as in (1), componentwise:
EViir | F] = Vi

As in the single-asset model, this removes predictable drift in fundamentals from the profit calcula-

tion; it does not remove predictability generated mechanically by margin-induced liquidation.

5.1.2 Margin rule

A scalar portfolio risk statistic is computed from the sampled vector price path and a scalar margin
is posted:
Ft = F(Pt,m, e ,Pt), Mt+1 = g(I‘t) (25)

Write Pyt = (P, ..., P) and P_pp:t—1 = (Pi—m, ..., Pi—1). To state local assumptions, we use
the multi-asset analog of the public state in Section 2:

St = (V;S?Pt—ma o 7Pt—17Mt)7

where each P;_; € RE is a vector of sampled marks.
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5.1.3 Liquidation

The new object relative to the single-asset model is how a scalar margin increase maps into a vector
liquidation response. We represent the deviation-induced liquidation response at ¢ 4 1 by the linear
map

AXip1 = AXt(i)l — By AMyq, AMyi1 = Mg — Mt(ﬂ)l, (26)

where AXt(?_)l and Mt(3)1 denote the baseline outcomes absent a time-t deviation, and B; € R¥ is an
Fi-measurable liquidation direction capturing cross-margining. Thus a higher scalar requirement
forces an additional portfolio reduction of B;AM;;, and the resulting sales need not occur in the

contracts that most effectively move I';.

5.1.4 Assumptions

Assumption 6 (Impact matrix). The matrix A in (23) has strictly positive diagonal entries and is

symmetric positive definite.!®

Assumption 7 (Directional sensitivity of the portfolio risk statistic). There exist a reachable state S;,
constants ¢p > 0 and 6 > 0, and a unit direction d; € R¥ such that, holding P;_,,.+—1 fixed, for
any perturbation AP, with d! AP, € [0,6r] and small enough that P, + AP, remains in the local

neighborhood considered,
L(Pi—mit—1, Py + AP) = D(Piopa—1, P) > cr df AP, 27)

Assumption 8 (Local slope of the margin mapping). There exists an interval I+ C Ry with I'; €
int(I1) such that g is differentiable on It and

g (y) >¢y >0 forallye Ir.

Assumption 9 (Cross-margining liquidation is nontrivial). At the reachable state in Assumption 7,
the liquidation direction in (26) satisfies || B¢|[1 > c¢x > 0.

Assumptions 6-9 are the multi-asset counterparts of the three local links used in the single-asset
argument. Assumption 6 pins down how a vector order perturbation maps into transaction prices
through the cross-impact matrix A, and imposes the standard no-dynamic-arbitrage restriction on the
impact matrix (so round-trip profits do not arise absent the margin-feedback loop). Assumption 7
is the local one-sided bound on how the scalar portfolio risk statistic reacts to an admissible pertur-
bation of the last sampled mark. Assumption 9 is the local statement that a scalar margin increase

induces a nontrivial vector liquidation response, summarized by B;.

5Schneider and Lillo (2019) characterize the no-dynamic-arbitrage restriction for cross-impact. If I = (A + A")/2 is not
positive semidefinite, pick v with v " v < 0; under linear impact P; = P + Aa, and zero expected drift, the round trip
at = qu, as41 = —qu has expected execution cost v Av = ¢*v " Iv < 0, hence yields arbitrage. We therefore impose a
standard no-manipulation restriction on the impact matrix, so the round trips we identify arise despite, not because of, an
arbitrageable impact model.
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5.2 Local bounds in the multi-asset setting

Fix a reachable state satisfying Assumptions 6-9. We consider local deviations so that (27) applies
and so that g is evaluated inside Ir. The multi-asset argument uses the same slope chain as in the

single-asset model, with vectors and cross-impact.

Lemma 6 (A deviation moves the transaction-price vector). Holding V; and AX, fixed, perturbing a; by
Aay perturbs the time-t transaction price by

Apt =A Aat.
Proof. Immediate from (23): P, = V; + A(AX; + at). O

Lemma 7 (A price perturbation moves the portfolio risk statistic at first order). Suppose Assumption 7
holds at S;. Holding P;_p,.+—1 fixed, any perturbation AP, with altT AP, € [0, dr] satisfies

ATy = T(Pi—mi—1, Py + AP) = T(Pi—pit—1, P) > er d;rAPt-
Proof. This is exactly (27). O

Lemma 8 (Risk sensitivity of g passes through to margin). Under Assumption 8, for any Al'y > 0 such
that 'y + AT, € I,
AMt+1 = Q(Ft + AFt) - g(Ft) Z Cg AFt

Proof. By the mean value theorem, g(I'; + AT;) — g(I';) = ¢'(§) AT, for some & € (I, I'y + ATLYy) C Ip.
Assumption 8 gives ¢'(§) > ¢,. O

Lemma 9 (Cross-margining liquidation and cross-impact). Under (26), the deviation-induced additional
constrained order flow at t 4+ 1 equals —B;AM;41. Holding V11, AXt(ﬂ)l, and a4 fixed, the liquidation-
driven component of the time-(t + 1) transaction price is

AP = —AB; AMy.1.

Proof. The first claim is (26). Substituting AX, 41 = AX "

t41 — BtAMgyq into (23) at t + 1 yields

Py =Vig1 + A(AXt(—?-)l — ByAM;11 + az11),

so, holding Vi1, AXt(—?-)I/ and a;11 fixed, the deviation contributes —AB;AM; . O

5.3 A two-period cross-asset round trip

We focus on the same object as in the single-contract proof: a two-period round trip that isolates
profits generated mechanically by the margin-update channel. Consider a trade vector a; € R¥ at ¢
and its reversal a;41 = —a¢ at t + 1, with |la¢|[; < a. As in the single-asset case, we impose a local
condition that removes predictable drift in fundamentals and predictable baseline constrained flow,

so that any predictability in prices comes from deviation-induced liquidation.
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Assumption 10. At S;, (i) AX; = 0; (ii) letting AXt(i)l denote constrained order flow at ¢ + 1 absent a
deviation at t, E[AX Y, | 5,] = 0; (iii) E[Vi41 | Si] = Vi

To keep the algebra readable, we summarize a direction a € R¥ by two scalars:
mi(a) = d; Aa, li(a) =a" AB;.

The first quantity, m:(a), measures how strongly the time-t price move loads on the risk-increasing
direction d; because AP; = Aa and d] AP, = m;(a). The second quantity, /;(a), measures exposure to

the liquidation-driven price component at ¢ 4 1, since liquidation moves prices in the direction AB;.

Lemma 10 (A profitable two-period round trip). Suppose Assumptions 6-9 and 10 hold, and consider the
two-period round trip a;+1 = —ay with ||at||1 < a. Assume the deviation is local so that m(a;) € [0, dr] and
'y + ATy € Ir. Iflt(at) <0, then

E[IL; | Si] > —(cqger) li(ar) me(ar) — 2atTAat. (28)

Proof. Under a;4+1 = —ay, two-period trading profit is IT; = atT (P41 — P). Using (23) attand t + 1,

together with AX; = 0and AX; 1 = AXt(_?1 — ByA M1 from (26), we obtain

P =V, + Aay, Pi1=Vig + A(AXt(?r)l — BiAMyy1 — ),

hence
Pip1 — P = (Vi1 — Vi) + AAXY), — ABLAM, 41 — 2Aa;.

Taking E[- | S;] and applying Assumption 10 yields
E[_Pt+1 - Pt | St] == —ABtAMt+1 - 2Aat,

SO
E[Hl ‘ St] = —(a;rABt)AMHl - QCLIAat = —lt(at)AMHl - QaIAat.

It remains to lower bound AM; ;. By Lemma 6, AP, = Aay, so dl AP, = my(ay). If my(as) € [0, 0r],
Assumption 7 gives AI'y > crmy(a;), and Lemma 8 gives AM; 1 > ¢ Ay > cqcrmy(ay). Substituting
into the expression for E[II; | S;] yields (28). O

Lemma 10 isolates what is genuinely new under portfolio margining. The time-t leg must raise the
scalar portfolio risk input, captured by m¢(a;) = d; Aa; > 0. But the predictable price component
that generates profit at ¢t + 1 is liquidation-driven and points in the cross-impact direction AB;, so
the relevant exposure of the round trip is l;(a;) = atT AB;. Under contract-by-contract margining
these objects collapse to the same sign choice; under portfolio margining they generally decouple
because the risk-increasing direction d; and the forced-deleveraging direction B; need not align. This
creates a trigger-versus-harvest wedge: a trader can move the scalar charge efficiently using one set
of contracts while taking offsetting exposure in the contracts that are unwound when the call binds,
with the strength governed by the alignment term —d, AB,. This is distinct from standard predatory-
trading/fire-sale mechanisms.
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5.4 A sufficient amplification condition

Lemma 10 gives a direction-dependent lower bound. For interpretation, it is useful to have a simple
sufficient condition that guarantees existence of at least one admissible two-period round trip with
strictly positive conditional expected profit. The next result does this by selecting a concrete direc-
tion, namely the cross-margining liquidation direction B;, and checking when the margin channel

dominates the trader’s own round-trip impact loss.

Theorem 3 (A sufficient condition for a profitable two-period round trip). Suppose Assumptions 6-10
hold and that there exists a liquidation direction B, € R¥ with | B||; = 1 and d] AB; < 0. Define

H, = (B] AB,) (—(cch) d] AB; — 2). (29)

If H > 0and q > 0 is admissible (so that the locality bounds apply), then the two-period round trip a; =
—qBy, ar+1 = qBy satisfies
E[IL | 8] > ¢*H; > 0.

In particular, whenever locality permits arbitrarily small ¢ > 0, profitable round trips exist for arbitrarily
small admissible trigger sizes.

P?’OOf. Let ay = —th and at4+1 = th Then lt(at) = (I;FABt = —thTABt < 0 and mt(at) = d;rAat =
—qd] AB; > 0. For admissible q, we have my(a;) € [0,0r] and I'; + AT € Ir, so Lemma 10 applies:

E[IIL; | S¢] > —(cqer) li(ar) me(ar) — QCLE—Aat = qQHt.

If H; > 0, this bound is strictly positive for every admissible ¢ > 0. When K = 1and A = a > 0,
taking d; = —1 and B; = cx reduces H; > 0 to the scalar amplification condition. O

Theorem 3 is only a sufficient condition. We choose B; because it has a clear meaning: it is the direc-
tion in which the constrained sector is forced to sell when a portfolio margin call arrives. Portfolio
margining separates two things that coincide in the single-contract model. A trader can trigger the
margin call using the contracts that move the portfolio risk number most cheaply, but the forced sell-
ing that follows can be concentrated in different contracts. By loading on those contracts, the trader
can earn predictable profits from the margin-induced flow at ¢ + 1.

5.5 Multi-asset impossibility

Theorem 4 (Impossibility under portfolio margining and cross-contract contagion). Fix a reachable
state Sy satisfying the local assumptions in Section 5. Let Gmax > 0 denote the maximal trigger size allowed
by locality and capacity in the multi-asset setting. If Hy > 0 as defined in (29), then for every admissible
q € (0, Gmax| the two-period round trip a; = —qBy, ar41 = qBy has strictly positive conditional expected
profit:

E[M; | S¢] > ¢*H; > 0.

In particular, portfolio margining can generate profitable round trips for arbitrarily small admissible trigger
sizes. Consequently, risk sensitivity (Definition 2), round-trip manipulation-proofness (Definition 3), and
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liquidity continuity (Definition 4) cannot hold simultaneously at S.

Proof. Fix any admissible ¢ € (0, gmax] and take a; = —¢By, ar+1 = ¢B;. Under the local conditions
defining H;, the bound in Theorem 3 applies and gives E[II; | S;] > ¢*H,. If H, > 0, expected profit
is strictly positive for every admissible ¢ > 0, which violates round-trip manipulation-proofness
(Definition 3) at S;. The incompatibility with risk sensitivity and liquidity continuity follows by the

same contrapositive logic as in Theorem 1. O

Portfolio margining turns the mechanism into a genuinely cross-contract channel. A vector of prices
is mapped into a single portfolio charge, but a binding charge forces liquidation in a particular direc-
tion By, which need not coincide with the contracts that most efficiently move the portfolio statistic.
A trader can therefore trigger a higher portfolio margin using one set of contracts and profit from
the predictable forced flow in another set of contracts, with cross-impact transmitting that flow into

prices across the cleared complex even when fundamentals are martingales.®

5.6 What is new relative to the single-contract case

Portfolio margining creates a wedge absent in the single-contract case. With one contract, the same
instrument both determines the risk input for next-period margin and absorbs the forced liquidation
when margin tightens. Under portfolio margining, the CCP maps a vector of marks into one scalar
charge, but a binding charge can force liquidation in a different set of contracts. This separation
creates a distinct cross-contract channel. The trade at ¢t moves marks by AP, = Aaqy, so its first-order
effect on the portfolio risk input is

dI AP, = d Aay,

which identifies the trigger direction. The resulting margin increase induces additional constrained
selling in direction B;, which moves next-period prices through cross-impact in direction AB;. The
trader’s exposure to this liquidation-driven price component is

a;rABt,

which is the harvest. When K = 1, trigger and harvest reduce to the same sign choice. When K > 1,
they need not coincide: it can be feasible to choose a; such that the trade at ¢ raises the scalar portfolio
charge, dtT Aa; > 0, while the position is short the contracts sold to meet the margin call, atT AB; < 0.
The trader triggers the call in one set of contracts and harvests the forced-flow price pressure in
another. This trigger-harvest separation is not an artifact of the two-period setup. In a dynamic treat-
ment of price-based constraints, Nicolai and Risteska (2026) show that optimal finite-horizon round
trips can be confined to the span of two portfolios: a trigger portfolio that most efficiently moves the
marked statistic and a liquidation portfolio that loads on the forced-flow direction. In our notation,
these are the directions behind d, Aa; and AB;. The portfolio case can therefore make manipulation
easier. Manipulation-proofness must rule out all admissible vector round trips, and as K grows,
the set of directions that both raise the scalar risk input and load negatively on liquidation expands.

16 As an example, this is operational in SPAN-like systems, where combined-commodity offsets and portfolio netting link
contracts through a common scalar charge (CME Group, 2019a,b).
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It is enough that one such direction is profitable at a reachable state for manipulation-proofness to
fail. The strength of the effect is governed by an interpretable alignment term: how closely the risk-
increasing direction aligns with the liquidation-driven price direction. In the sufficient condition, the
key scalar is —d;' AB;.

Portfolio margining also implies an empirical signature absent under contract-by-contract margin-
ing. The contracts with trading pressure at ¢t need not be the contracts with illiquidity and forced sales
at ¢t + 1. Churn and subsequent stress can arise in different legs of the market. Empirically, collateral
calls on derivatives portfolios have at times translated into concentrated sales and liquidity dislo-
cations in related cash markets, including the UK gilt episode (Sep—Oct 2022) (Pinter, 2023) and the
European energy derivatives episode in 2022 (Avalos et al., 2023).

6 Optimal Margin Design

In this section we study the designer’s problem of choosing the public margin rule

Mt+1 = 9(7’1:)7 ry = Iy, Ot = \/7Tt

In the baseline environment, 7, is the scalar price-based risk input constructed from recent transaction
prices. The rule may also depend on background state variables z;, such as current posted margin,
price impact, and the local liquidation elasticity, but we suppress that dependence unless it matters
for the argument. Absent manipulation concerns, the designer wants margin to rise with measured
risk, because a higher value of r; corresponds to a larger next-period loss distribution. This defines a
first-best target rule. The impossibility theorem adds an implementability constraint. If g is too steep,
a trader can move the sampled price used in the update, raise next-period margin, induce predictable

forced liquidation, and profit from the resulting price pressure.

6.1 The design problem

Fix a state z and let r € 7 = [r,7]. Let M_(z) be the margin currently in place before the reset. We
assume next-period close-out losses scale with measured risk:

Diy1 = Vr Y, (30)

where Y is a scale-free shock with conditional distribution Fy (- | z). This covers the usual VaR
and ES cases: absent manipulation concerns, the desired margin is increasing in r, typically with

square-root scaling. For a candidate margin level M, define the objective

U(r,M;z) =E{l(Diy1 — M) | r,z] + kM (31)
+ ALc(cg? (2) (M — M_(z))+) FAPH (1 — N(M, M_(2); 2)). (32)
The first term is the coverage objective. It takes the expected value of a loss function applied to the

shortfall D;y; — M. When posted margin is low relative to the next-period close-out loss, this term is

large; when margin is high enough to absorb the loss, it falls. The function / is increasing and convex,
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so larger uncovered losses are penalized more than proportionally. This term captures the CCP’s core
objective: choosing margin to control expected exposure to default losses.

The second term is the carrying cost of margin. Higher margin protects the CCP, but it also ties
up collateral, raises funding needs for clearing members, and makes central clearing more expensive.
The coefficient s measures the shadow cost of one additional unit of posted margin. Without such
a term, the designer would have too strong an incentive to raise margin everywhere.

The third term captures the market-functioning cost created by an upward reset in margin. Only
increases relative to the currently posted level M_(z) matter, which is why the term uses (M —
M_(z))+. A higher reset forces constrained traders to post collateral or reduce positions. The fac-
tor 5 (2) translates the margin increase into predictable net selling pressure, and the function C(-)
maps that forced flow into a cost borne by the clearing system, for example through price dislocation,
impaired liquidity, or destabilizing fire-sale dynamics. The coefficient A7, governs how much weight
the designer places on these market-functioning losses.

The fourth term captures participation and migration effects. The object N(M, M_(z);z) € [0,1]
is the fraction of activity that remains centrally cleared after the reset. If the new requirement is too
high, too unstable, or too difficult to fund, some activity may leave the CCP, shrink, or migrate to less
transparent venues. The term 1 — N (M, M_(z); z) therefore measures the fraction of business lost,
and H(-) converts that loss of participation into a welfare cost. The coefficient A\p determines how
strongly the designer values preserving cleared activity.

The designer then chooses a monotone rule g to minimize expected cost:

J(g:2) = /I F(r] 2) U (r,g(r): 2) dr. (33)

6.2 The unconstrained first-best target

For each risk level r, define the first-best target as the margin level that minimizes the per-state
objective:

M™(r; z) € argmin U(r, M; 2). (34)
M>0

This is the rule the designer would choose if manipulation were not a concern. Under the maintained
assumptions, M™(r; 2) is increasing in r. Higher measured risk shifts the loss distribution to the right,
so the coverage benefit of additional margin is larger. In the simple benchmark with ¢(z) = x4 and
C(z) = 2*/2, any interior optimum satisfies

Pr(DtH > M®(r2) | r, z> =Ky + )\L(C‘jf»f(z))z(be(r;z) - M_(2)) + )\pp(be(r;z);z) ,  (35)

where
p(M;z)=—H'(1 - N(M,M_(2);2)) O1N(M,M_(2);z) > 0. (36)

Equation (35) has a simple interpretation. The left-hand side is the marginal benefit of raising margin:
the probability that one more unit of margin prevents an uncovered loss. The right-hand side is the
full marginal cost of doing so. The term k), is the direct burden of higher collateral. The term

proportional to A\j, captures the extra liquidation pressure created by a tighter upward reset. The

31



term proportional to A\p captures the marginal loss of cleared activity when higher margin drives
participation away.
When A\;, = Ap = 0, the target collapses to the standard coverage rule:

M®(r;2) = Vr Qroyy (Vi1 | 2). 37)

Thus, absent manipulation concerns, the desired rule is simply a conventional quantile-based margin
schedule, increasing with volatility. The same square-root scaling arises under expected shortfall.
More broadly, the first-best target is steeper when the designer puts more weight on coverage and
flatter when higher margin creates larger liquidation costs or larger participation losses. This is the

benchmark the designer would like to implement before imposing the no-manipulation constraint.

6.3 The implementable rule

The first-best target is not obviously implementable. Corollary 1 implies that if the rule passes mea-
sured risk into next-period margin too aggressively, a trader can profit from a trigger-and-reverse

deviation. Under « = 0, the local no-manipulation condition at a binding state is

1

/
g (re) < —F— (38)
atcggt|ut| ’
where u; is the last sampled return entering the risk statistic. Since |u;| < o, = /¢, @ convenient

sufficient condition on the slope is

1
0<4g(r) <3(r;z2), 5(r;z) = . 39)
a(z)e§ (2)Vr
Writing §(o; z) = g(0?; 2), the same restriction becomes
0<F(0:2) <50(2),  Fols) = — 2 (40)
IR A YO [E)

In volatility units, the maximal safe pass-through is a constant. In variance units, the cap is tighter
when r is low. Intuitively, in tranquil states a given price move produces a larger proportional change
in the sampled risk measure, so an aggressive update rule is easier to manipulate.

The designer therefore solves the original problem choosing an implementable margin rule that
satisfies the slope cap:

min J(g;2). 41
9€G1c(2) (g ) )

with Gic(z) = {g is weakly increasing and 0 < ¢/(r) < 5(r; z)} . When the first-best target is already
feasible, the implementable rule coincides with it. Where the first-best is too steep, the rule rises at
the maximal manipulation-proof slope. Where even that capped response would be too aggressive
over a range of states, the optimal policy pools and keeps margin constant across those states. Thus

the implementable rule is the closest monotone approximation to the first-best target that respects
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the no-manipulation bound.!”

On any interval over which the slope cap binds, the rule takes the form
——— VT (42)

with the constant a(z) chosen to match the adjoining parts of the schedule. On any pooling interval
[a, b], the common level k satisfies

b
/ flr| z)opmY(r, k;z)dr = 0. (43)

The designer would like margin to respond strongly to higher measured risk, but cannot al-
low that response to be arbitrarily steep. The no-manipulation constraint therefore turns a standard
quantile-style target into a capped rule: it tracks the target when possible, flattens when necessary,
and may pool nearby risk states when the cap is especially tight.

6.4 Quantitative interpretation of the slope cap

For interpretation, the most useful version of the cap is in margin-ratio and annualized-volatility
units. Let m = M/P denote the margin ratio and let 0" = \/2520. Appendix D shows that the
local no-manipulation restriction implies the bound

Am < 2f
m mexyMT(S(f)

N (44)

where ex ) is the elasticity of the constrained sector’s position with respect to margin, 7 = X P/ADV
measures the size of the constrained sector relative to market depth, f = ¢P/ADV is the trigger trade
as a fraction of average daily traded dollar volume (ADV), and §(f) is the sampled-price distortion
generated by such a trade. Equation (44) shows that the admissible responsiveness of the rule is
smaller when the constrained sector is larger relative to market depth, when positions are more
margin-sensitive, and when small trades move the sampled price more sharply. Using the benchmark
calibration from Section 3.6, i.e., with ex s = 0.225, f = 1%, 0pps(1%) ~ 20, the bound becomes

Am < 280 Ao, (45)

m - T
with Ac®"" measured in decimal annualized-volatility units. When 7 = 1, so that the constrained
sector’s notional is equal to one day of average daily traded value, even a large ten-point increase
in annualized volatility, for example from 10% to 20%, permits at most a 28% increase in the margin
ratio. Starting from 5%, the largest manipulation-proof increase is therefore only to about 6.4%.
When 7 = 2, the same volatility shock permits only a 14% increase, so a 5% margin can rise only
to about 5.7%. Thus, once the constrained sector is of the same order as market depth, or larger,
even a substantial increase in measured risk supports only a modest increase in posted margin. The

converse implication is just as important. A rule that appears only moderately reactive can already

17 All the derivations are in Appendix D. Intuitively these are just standard KKT conditions.
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violate the cap. For example, raising margin from 5% to 6% is a 20% relative increase. Under the
benchmark calibration, that increase is manipulation-proof only if annualized volatility rises by at
least about 7 percentage points when 7 = 1, and by at least about 14 percentage points when 7 = 2. If
the same jump from 5% to 6% is triggered by a smaller volatility increase, the rule is too steep relative
to the no-manipulation bound and admits a profitable trigger-and-reverse trade.

Margin can still respond to risk, but only within a tight quantitative window. Once 7 is moderate
or large, even sizeable increases in measured volatility justify only modest upward resets in mar-
gin. This creates a genuine and economically important design trade-off: the very feature that makes
a rule prudent in the standard risk-management sense, namely strong short-run responsiveness to
measured risk, is precisely what makes it manipulable. Theorem 1 therefore identifies a novel, em-
pirically relevant, tension between coverage and implementability. A designer cannot, in general,

have both a sharply reactive margin rule and local incentive compatibility in binding states.

6.5 Portfolio margining

The same design logic extends to portfolio margining, with two caveats. First, an upward reset in
margin generates a vector of forced sales rather than a single-asset liquidation. Let B; denote the
liquidation vector induced by a one-unit increase in posted margin, and let A; be the cross-impact
matrix from Section 5. The resulting liquidation-driven price pressure is A; B, so the relevant market-
functioning scale is || A;B||2. A larger value means that any given increase in margin causes more
disruptive price pressure, which makes the unconstrained target rule flatter. Second, the manipula-
tion constraint depends on the relation between the portfolio used to move the scalar risk input and
the portfolio that constrained traders later liquidate. Let d; denote the direction that increases the
risk input 7, and let ¢, ; be the sensitivity of r; in that direction. Define 1); = max{0, —dz AB;}. The
portfolio analogue of the slope cap is then

g (r) < (46)

2
Cr,tﬂ’t '
If the contracts that move the risk input are well aligned with the contracts that will later be lig-
uidated, then a small trigger trade can create a large predictable harvest, and the admissible slope
must be low. Netting may lower the desired level of margin, but cross-impact and trigger-liquidation
alignment can make the public rule less responsive. If the contracts that are most effective at moving
the scalar risk input are also well aligned, through cross-impact, with the contracts that constrained
traders later liquidate, then the admissible slope can be tighter than in the single-asset benchmark.
Appendix D.6 gives a simple two-asset example, calibrated to the single-asset benchmark, showing
that portfolio margining can either loosen or tighten the cap depending on the strength of cross-
impact and trigger-liquidation alignment.

6.6 Jumps, cliffs, and non-smooth rules

Replacing a steep slope with a jump does not remove the incentive problem. It changes smooth

local manipulation into threshold-crossing manipulation. Suppose g has an upward jump of size
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AM > 0 at threshold rT, and suppose the current state lies just below that threshold. If a sufficiently
small admissible trade can push the sampled input above 71, the trader triggers a discrete increase in
next-period margin and therefore a discrete increase in forced liquidation. In the single-asset case, a
threshold-crossing trade of size ¢ generates an expected harvesting gain approximately equal to

eff
qaicx (AM,

while the trader’s own round-trip impact cost is proportional to ¢2. In the portfolio case, the corre-
sponding harvesting gain is approximately

q ’U,TAtBt AM

for any direction u that loads positively on the liquidation price-pressure vector, while the direct
round-trip cost is again proportional to ¢>. Hence, for sufficiently small threshold-crossing trades,

the gain from triggering the jump dominates the trader’s own impact loss.

7 Conclusions

This paper studies price-based risk constraints: public rules that map sampled transaction prices
into a risk statistic and then into a binding requirement, M;.; = g(I't). Once the rule binds in an
impact-sensitive market, it becomes part of the trading environment.

Our main result is a constructive local impossibility theorem. At reachable binding states, a
price-based rule cannot in general deliver local risk sensitivity, liquidity continuity, and round-trip
manipulation-proofness at the same time (Theorem 1). The mechanism does not rely on large trades,
on making a slack constraint bind, on predictable fundamentals, or on standard forms of manipu-
lation. The profit opportunity is created by the rule itself. A small trigger trade can shift the next
requirement at first order and then be reversed into the forced flow generated by that tighter require-
ment. Profitability is governed by a simple amplification chain from sampled prices to requirements,
from requirements to forced sales, and from forced sales to prices.

Read this way, the theorem is also a design result. Any binding price-based rule that seeks to
remain manipulation-proof must limit short-horizon pass-through from sampled prices into posted
requirements. This creates a first-order trade-off between coverage and implementability. A rule that
responds more sharply to measured risk provides more protection against loss, but it is also easier
to exploit in precisely the states where it binds. The implied slope cap therefore gives a structural
rationale for bounded pass-through, smoothing, buffers, and related anti-procyclicality tools. These
are not only statistical devices. They are also incentive-compatibility devices. With volatility-based
inputs, the restriction can be tightest after quiet periods, so the states that look safest under the rule
can be the most locally vulnerable.

The same logic becomes stronger under portfolio margining. When a scalar requirement is com-
puted from a vector of prices, the contracts that move the portfolio risk measure need not be the
contracts sold when the tighter call binds. This trigger-harvest wedge creates a genuinely cross-

contract channel: a trader can move the portfolio statistic in one set of instruments and profit from
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forced liquidation in another. Portfolio margining can therefore shift stress across contracts and mar-
kets, so trading pressure during the sampling window and post-update illiquidity need not appear
in the same place.

More broadly, the paper identifies a general implementability constraint for any institution that
ties binding decisions mechanically to risk measures built from recent prices. CCP margining is a
central application, but the same issue arises whenever recent prices determine binding leverage,
exposure, or capital-allocation rules. Once a public rulebook makes tradable prices part of a binding
constraint, prudent risk management and manipulation-proof design are no longer aligned. The rule
must be designed jointly with the market impact it creates.
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An Impossibility Theorem for Price-Based Risk Constraints



A Solving the general case

For simplicity and clarity, the main text specializes to realized variance and linear impact. The mech-
anism itself is local and does not require differentiability. It only requires that an admissible pertur-
bation of the sampled transaction price at ¢ that raises the risk input also raises posted margin by
a nontrivial amount; that, in states where margins bind, this tightening induces a nontrivial adjust-
ment in positions; and that the induced forced order flow moves transaction prices at first order. This
Appendix states these local conditions without derivatives and then reruns the same two-step con-
struction around a benchmark path with no deviation at time ¢. We write (-)(°) for benchmark objects

(prices, inputs, and margins) and compare them to outcomes under a small two-period round trip.

A.1 One-sided slopes

Definition 5 (One-sided strong increase). A function f : R — R is one-sided strongly increasing at
xo with constant ¢y > 0 if there exists §; > 0 such that for all 2 € [0, 0],

f(zo+h) = f(zo) = crh. (47)

Definition 6 (Directional sensitivity of the risk input in the last price). LetI' : R™*! — Rand I'; =
T(Pi_p,...,P). Fix (P,_p,...,P1) and define I'®'(p) = T'(P,_,,,..., P_1,p). We say that I is
directionally sensitive at py if there exist s € {—1,+1} and constants ¢r > 0 and ér > 0 such that for
all h € [0, dr),

I8 (pg + sh) — T (pg) > cph. (48)

Definition 5 replaces a right-derivative bounded away from zero with a one-sided linear lower
bound. Definition 6 is the only step where the realized-variance structure in the main text mattered:
it ensures that an admissible perturbation of the last sampled mark can raise the risk input at first

order; conditional on that, the remainder of the construction is unchanged.

A.2 Local assumptions

Fix a reachable benchmark configuration at time ¢ and interpret all statements below locally at that
benchmark. Let Pt(o) denote the benchmark transaction price at ¢ absent a deviation, and let FEO)

denote the corresponding risk input.

Assumption 11 (Risk input is directionally sensitive). The risk input I' is directionally sensitive at the

) )

benchmark last mark Pt(0 in the sense of Definition 6. Moreover, r§° lies in the interior of an interval

Ir on which the posted margin rule is evaluated.

Assumption 12 (Posted margin has a one-sided slope bound). The posted margin rule is M;; =
g(I't), where g : R — (0, 00) is weakly increasing. There exists ¢, > 0 such that for all z,y € It with
y=>uz,

9(y) —9(x) = ¢g(y — ). (49)



Assumption 13 (Forced liquidation has a local lower bound). There exist constants cx > 0 and s >
0 such that for any margin increase AM € [0,0y], the induced reduction in aggregate constrained
position satisfies

L(AM) = X (M;) — X(M; + AM) > cx AM. (50)

Assumption 14 (Generic price impact). Transaction prices satisfy
Py = Vi + Y (Qu), Qu =AXy + ay, (51)

where ¥,,(0) = 0 and ¥, is odd and weakly increasing. There exist constants 0 < o, < @, < oo and
dy > 0 such that for all ¢ € [0, dy],
a,q < Wulg) < Qug. (52)

By oddness, (52) also implies —a,|q| < ¥, (q) < —ay,|q| for ¢ € [-dw,0]. Assumption 14 contains
linear impact as a special case and covers any monotone impact schedule with local slopes bounded

away from zero and infinity on the relevant flow range.

A.2.1 Broader constrained demand schedules and margin elasticity

This subsubsection gives a sufficient condition for Assumption 13. The main text uses a target-with-

cap rule to make margin elasticity explicit; the same local slope obtains for a broad class of truncated

demands whenever the margin cap binds for a positive mass of traders with nontrivial total equity.
Fix time ¢ and a benchmark state. Let 7;(i) denote trader i’s unconstrained desired position and

let E(i) denote equity. The implemented position under margin level M > 0is

24(i; M) = sgn(# (i) min {\@(i)], Eﬂ(j) } . (53)

Aggregate constrained demand is X (M) = fol x4 (i; M) di.

Lemma 11 (Sufficient condition for Assumption 13). Fix a benchmark margin M; > 0 and let B C [0, 1]
be measurable such that i
\7(3)] > ]\y) foralli € B, / E(i)di > 0, (54)
B

t

and sgn((3)) is constant on B. Then for any épr > 0 and all AM € [0,0n],

X (M) — X(My+ AM) > <m> AM. (55)

[ E(i) di

In particular, Assumption 13 holds with cx = m
t+OoMm

Proof. Fix AM € [0,d] and write M" = M, + AM. For i € B, the cap binds at M; by (54), and since
M’ > M, it also binds at M’. Hence

E()
M, ’

E()

(i M') = sgn(F(0) =

wy(i5 My) = sgn(T4(i))




With constant sign on B,

. ) E()AM
xy (i My) — 2y (i M) = ;42]\4/
Integrating over B and using M; M’ < (M; + ¢ )2 yields (55). O

Demand (53) arises from any concave problem with a unique unconstrained maximizer (i) and
a margin constraint z|M < E(i). Lemma 11 shows that if the cap binds for a positive-mass set with
nontrivial total equity, then aggregate positions respond to margin with a strictly positive local slope.
The bound increases with [, E(i) di and decreases with the relevant margin level M;.

A.2.2 A two-step round trip in the general case

To keep the profit bound clean under a fully nonparametric ¥;;1, we impose the same local bench-
mark configuration as in the main text.

Assumption 15. At the benchmark S;: (i) AX; = 0; (i) letting AX?, ; denote constrained order flow
att + 1 absent a deviation at t, we have AX}, | = 0; (iii) E[V;41 | St] = Vi

Lemma 12 (A profitable two-period round trip under non-smooth primitives). Suppose Assump-
tions 11-15 hold at a reachable benchmark state S;. For concreteness, assume the risk input increases when the
last sampled mark is pushed down (in Definition 6, s = —1).18

Let g; > 0 be such that for every q € (0, G, the round trip (at, ar+1) = (—q, q) keeps all local restrictions
in force: (i) Ui (q) < or; (ii) the perturbed input remains in Ir; (iii) the induced margin change AM;; =
g(Ty) — g(I‘,EO)) lies in [0, das]; (iv) the induced liquidation L = X (M) — X (M + AMy 1) satisfies L — q €
[0, 8 ); and (v) when imposed, the hard funding constraint (12) holds (equivalently, ¢ < F /M,). Define

Gmax,t = min{d, 5\117 qt}
Fix any q € (0, Gmax.¢] and consider a; = —q, a;11 = q. Then
AFt = Ft — F?EO) Z croqq, AMt+1 Z CgCFQtQ7 L 2 CXCgCFth.

If, in addition, the gain condition

Qi1 CXCgCT Oy > 0 + Oy y g (56)

holds, then the conditional expected profit satisfies

E[IT; | S¢] > <Qt+1CXCgCFQt — (ay +Qt+1)>q2 —27q. (57)
Let
- 2T
A= oy exegeroy — (@ + ), Gmin = — when A > 0.

Under (56), A > 0, and if Gmax,t > qmin there exists an admissible ¢ € (Gmin, Gmax,¢] such that E[II; | S] > 0.

If s = +1, reverse the signs of the round trip and use the buy-in analogue of Assumption 13; see the sign-reversal
discussion following Theorem 1.



Proof. Under Assumption 15(i), Q¢ = a; = —¢q, so
P=Vi+W(—q) =Vi-W(q), P =W,

and by (52), ¥;(q) > oyq. With s = —1, Assumption 11 yields AI'y > cpW(q) > crayq. Since I'y, r§0> €
Irand T'; > FEO), Assumption 12 implies AM; 1 > ¢,Al'y > c4cra,q, and then Assumption 13 gives
L > exAMiy1 > cxcgera,q. Under Assumption 15(ii), the constrained sector has zero net flow at
t+ 1 absent the deviation; with the deviation it sells L while the deviator buys ¢, so Q;+1 = ¢ — L and
P11 =Vig1 + ¥q1(g — L). Condition (56) implies cxcgerey > 1, hence L > g and ¢ — L < 0. By the
definition of ¢;, L — ¢q € [0, dw], so oddness and (52) give

Py =Vigr =¥ 1(L — q) < Vigr — oy (L — q), P > Vi — .

Therefore
P, — Py > (Vi = Vi) —avg + o4 (L — q).

Under the round trip, I; = ¢(P; — Pi4+1) — 27¢, so taking conditional expectations and using Assump-
tion 15(iii) yields
E[Hl ’ St] > Q( — 0iq +Qt+1(L - Q)) — 271q.

Substituting L > cxcycraqq gives (57). Under (56), A > 0 and the lower bound equals A¢? — 27¢ =
q(Aq — 27), which is positive whenever ¢ > 27/A. If gmax+t > ¢min = 27/A, pick any ¢ € (gmin, ¢max,t)-
O

Assumption 15(ii) is a convenience: it avoids imposing structure on ¥;;; beyond local slope
bounds. With mild local regularity of ¥;,; on the support of baseline flow (for example local affinity
on that range), a weaker mean-zero condition such as E[AX}, , | S;] = 0 suffices, as in the main text.

A.2.3 The general impossibility statement

Lemma 12 gives a lower bound on the conditional expected profit of a two-period trigger-and-reverse
deviation under local one-sided conditions. If the gain condition (56) holds and the admissible local
range contains some ¢ above the execution-cost threshold g¢min, the bound is strictly positive and
yields a profitable round trip.

Theorem 5 (General impossibility theorem). Fix a Markov equilibrium with price formation (51) and
posted margin rule M1 = g(I't). Suppose there exists a reachable benchmark state S; at which liquidity
continuity holds (Definition 4) and Assumptions 1115 hold. Let gmax,: and qmin be defined as in Lemma 12.
If (56) holds and qmax,t > qmin, then the mechanism is not round-trip manipulation-proof at S; in the sense of
Definition 3 with p = r = 0: there exists an admissible two-period round trip with E[II; | S¢] > 0.

Consequently, at Sy the following cannot all hold simultaneously: one-sided risk sensitivity in the sense of
Assumption 12, liquidity continuity (Definition 4), and round-trip manipulation-proofness net of execution
costs (Definition 3 with p = x = 0). Equivalently, at any reachable S; with liquidity continuity, round-
trip manipulation-proofness implies that at least one of Assumptions 11-15, the gain inequality (56), or the
feasibility condition ¢max.¢t > qmin fails.



Proof. Under the stated hypotheses, Lemma 12 implies that any ¢ € (¢min,gmax,| yields an ad-
missible two-period round trip (at,at4+1) = (—¢,q) with E[II; | S¢] > 0, contradicting round-trip
manipulation-proofness at S; (net of execution costs). O

A.3 Verifying directional sensitivity for standard CCP-style inputs

Assumption 11 is intentionally weak. We do not model full CCP implementation details; we only give
simple sufficient conditions ensuring that a risk input computed from recent marks is directionally
sensitive in the last sampled mark.

A.3.1 Smooth functionals of recent returns

Let R; = P; — P;_; and suppose the input is a smooth function of the most recent m returns,
Iy = ¢(Ri—m+1,- - -, Ry),

for a continuously differentiable map ¢ defined on an open neighborhood of the realized return

vector.

Lemma 13. If ¢ is continuously differentiable near the realized return vector and 0¢/OR; # 0 at the realized
point, then I is directionally sensitive at the benchmark last mark in the sense of Definition 6.

Proof. Hold (P;—y, ..., P,—1) fixed and perturb only the last mark: P; = pg — po + h. Then only the
last return changes, R; — R; + h. Define u(h) = ¢(Ri—pm41,..., Ri—1, Rt + h), so st (po + h) = u(h).
By differentiability, v'(0) = 9¢/0R; # 0. Let s = sgn(u/(0)). Continuity of v’ implies that for some
d > 0, u(sh)s > |u/'(0)]/2 for all b € [0,6]. The mean value theorem then gives u(sh) — u(0) =
u' (&) sh > (|u/(0)]/2)h for some & € (0, sh). This is Definition 6 with ¢p = |u/(0)|/2 and ép = 0. O

. . . . B 9
Realized variance is the special case ¢(r) = >_; r7.

A.3.2 Parametric VaR/ES built from volatility estimates

A common parametric form is I'y = k,6, where 6, = h(Ri—m+1,...,R) and k, > 01is a fixed multi-

plier.

Lemma 14. If h is continuously differentiable near the realized return vector and Oh/OR; # 0 at that point,
then I'y = k6 is directionally sensitive at the benchmark last mark in the sense of Definition 6.

Proof. Apply Lemma 13 with ¢ = k,h. Since k, > 0, 9¢/0R; = ky(0h/OR;) # 0, so directional
sensitivity follows. O
A.4 Transient impact and longer horizons

The two-period round trip used in the main argument is the shortest horizon that can (i) perturb the
sampled marks that enter the next update and then (ii) trade against the forced liquidation induced

by the tighter requirement. Two extensions clarify what the proof does and does not rely on.
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First, the mechanism does not require permanent impact. Allow P, to depend on the history of
total order flow (Q¢41, @, - ..), but assume that the contemporaneous mapping Q1 — Py has a
strictly positive local one-sided slope around the realized flow at ¢+ 1, in the sense of Assumption 14.
Then the proof of Lemma 12 goes through after replacing «,,; by this instantaneous local slope.
Additional dependence of P, on earlier flows enters as extra terms; these do not remove the rule-
induced predictable component created by forced liquidation, and any persistence of the initial leg
typically makes the reversal leg cheaper conditional on the same liquidation response. The argument
therefore needs only that liquidation flow moves the transaction price at first order when it arrives.

Second, longer-horizon round trips are not needed for the impossibility result, but they can
strengthen it. If a profitable two-period round trip exists at a reachable state, it can be embedded
into any longer horizon by setting a;42 = --- = a7 = 0, which preserves admissibility and pre-
serves the same expected profit. Longer horizons can also generate additional profitable deviations
when successive updates propagate the initial perturbation forward (for example, because prices
affected at ¢t + 1 enter subsequent inputs and the relevant one-sided slopes remain active). A full
finite-horizon characterization of such multi-update trigger-and-reverse strategies, and the corre-
sponding stronger stress tests for a fixed disclosed rulebook, is developed in Nicolai and Risteska
(2026). For the purposes of this paper, a single profitable two-period deviation is sufficient to violate
manipulation-proofness at the evaluated state, so the slope cap used in Section 6 and Appendix D
should be read as a tractable sufficient restriction based on the minimal deviation. Enforcing the
full finite-horizon requirement in Definition 3 against multi-update strategies can only tighten the
admissible local pass-through bound, and thus weakly expands the pooling regions in the optimal
schedule.

A.5 Linear execution and funding costs

Let 7 > 0 denote proportional execution costs, so each trade a; incurs cost 7|a;|. Let p > 0 denote a
linear funding wedge, so carrying inventory y; over (¢, ¢+ 1] incurs cost pM;|y;|. For a trade sequence

ag.1, define
I3 (ag.r) ZatPt*TZWt\*PZM”W*”Z‘%F

When 7 = p = 0, this reduces to II% in (11). The optional hard funding constraint (12) continues to
impose an upper bound on admissible trigger sizes.

Lemma 15. Fix a reachable state Sy satisfying Assumptions 5, 1, 3, and 4. Suppose the maximum admissible
trigger size is qmax > 0, i.e., every q € (0, gmax| satisfies the locality restrictions (and, if imposed, the hard
funding constraint). Let

G =acxcyer,

where cr is the local sensitivity constant in Assumption 5. For the two-period round trip a; = —q, a1 = q,
E[M]”" | S > A¢* —Bqg, A=a(G—2)—k, B=271+pM,. (58)
If A > 0 and quin = B/A, then E[II7”" | S;] > 0 for every admissible ¢ € (gmin, Gmax). Thus linear wedges
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add the feasibility condition gmax > Gmin-

Proof. Asin Lemma 5, the induced forced liquidation satisfies L > cxcgerag. Under E[Viqq | S = Vi
and E[AX}, ;| S¢] =0,

E[IT?" | Si] = aq(L — 2q) — (27 + pM;)q — Kq®.

Substituting the lower bound for L yields (58). If A > 0, then A¢> — Bq > 0 is equivalent to ¢ >
Gmin = B/A O



B Strategic constrained traders and endogenous participation

Sections 2.4-2.5 treat the constrained sector’s target exposure Z; as fixed at the start of the pricing
window. This makes the forced-liquidation channel transparent, but it raises a natural question: if
constrained traders understand that within-window trading can move I'; and hence M; 1 = ¢(T';),
will they scale back ex ante and eliminate amplification? The answer is no. Endogenous target choice
can reduce the local liquidation slope by shrinking the mass of traders near the binding cap, but
the mechanism remains whenever a positive mass of traders is still locally constrained. The main

theorem then applies with the baseline slope cx replaced by an equilibrium object c$.

B.1 A two-period game

Fix time ¢ and consider the two-period horizon (¢, ¢+ 1) in the environment of Section 2. The designer
commits to the posted rule M;; = g(I't), where I'; is computed from sampled transaction prices
inside period ¢ (Section 2.3). The sampling protocol is common knowledge and, because it depends
on tradable marks, can be influenced by trades within the window.

1. At the start of ¢, the public state S; is observed. Each constrained trader i € [0, 1] chooses a
target exposure 7;(i), and the implemented position is

. _ . . v Je e EU
21(9) = (i) B0)/M) = sgn(a(i) min { )], S b
as in (6). The difference from the main text is that z,(7) is now chosen optimally as a function

of S; and the known rule g.

2. Inside the pricing window, the strategic trader chooses a;. Prices satisfy (2), so a; affects sam-

pled marks and hence I';.

3. The new requirement M, = g(I';) is posted. Constrained traders then adjust at ¢ + 1 to satisfy
the margin constraint under M; ;. When M;; > M; and the constraint binds, this adjustment
is forced liquidation and generates price-impactful order flow.

4. The strategic trader chooses a;+1 and completes the round trip, a; + a;+1 = 0.

B.2 Obijective

We use a parsimonious objective with three elements: a genuine exposure motive, a convex penalty
for large positions, and costs from posted margin, including both funding costs and anticipated losses
from manipulation-driven margin changes. Focus on the long side in a neighborhood where forced
adjustment is selling.!® Fix a state S;. Constrained trader i chooses 7;(i) > 0 to maximize

ma {bt(z') (%) — %x(E)Q — p My a(z) —

N3

ohra(S) w(@)? (59)

YWith sign reversals, the same analysis applies to forced buy-ins when short constraints tighten.
g y PP y g



where z(z) = min{z, E(i)/M,} is the end-of-t position, b;(i) > 0 is the marginal value of exposure,
x > 01is a baseline quadratic penalty, and p > 0 is the per-period funding spread for posted margin
(Appendix A.5). The final term is a reduced-form expected loss from exposure to margin jumps. The
key equilibrium object is

031 (S1) = E[(Mip1 — My)* | 5], (60)

the conditional second moment of the next margin change under equilibrium behavior.

To close the manipulator side explicitly, suppose the strategic trader chooses the trigger size ¢ > 0
in the two-leg round trip (as, ar+1) = (—¢, ¢) to maximize conditional expected funding-adjusted
profit, net of execution and funding costs, subject to admissibility. Given S; and the constrained-
sector targets chosen at step 1, the trigger trade moves the sampled mark through impact, which
shifts the sampled input and hence the posted margin. A chain-rule approximation is

oIy OF;

AMyyq =~ ¢ (Ty) - ob, oq q

with on = —a under (2) for a; = —q.
dq
If the strategic trader plays a pure best response ¢*(.S;), then conditional on S; the next margin is
pinned down by M;; = g(I';) evaluated at ¢*(S:), so 012\471‘/(5}) = (M;41 — M;)?2. If he mixes over q or
over the trigger sign, then ‘712\4,t(5t) is the corresponding conditional second moment.
States with greater local pass-through in g and greater susceptibility of the sampling window to
within-window trading tend to have larger O-%/[,t(st)‘ This raises the ex ante cost of large constrained

positions. If the cap does not bind for trader i, so z(z) = z, then (59) has the interior solution

bi(2) — pM;
st = P,

_ TPy 61
X + 003, (St) D

Thus z{ (i) falls with M; whenever b;(i) > pM;, and holding M, fixed it also falls with U?M’t(St).
If b:(i) < pM;, then z;(i) = 0. Anticipated manipulation risk therefore reduces participation and
shrinks the mass of agents near the binding cap.

B.3 Aggregate demand and an effective liquidation elasticity

Let z; (i) denote the target chosen at the start of period ¢ in (61). For any posted requirement ),
define realized exposure for trader i by

o(is1.77(0) = min a7 i), 537}
and aggregate constrained exposure by
1
X(a) = [ alis M.} (0) di
0

In period ¢, the strategic trader can move I'; and hence M, 1, but the constrained sector’s targets are
already chosen. The relevant local object is therefore the response of next-period realized constrained

exposure to the next posted requirement, holding those prechosen targets fixed. Define the effective
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liquidation elasticity at state S; by

e 9 -
c)?(st) = _WX(Mv i) Mm@ (62)
41
Let
! . E(: .
miO)(St) :/ l{ijf(z) > ((102} di
0 Myih

denote the mass of traders whose cap binds at the benchmark next requirement Mt(f:)l. If mgo) (S¢) >0,
then

N | b e L BG) |,
o (st)_i(Mt%2 /0 E(z)l{:pt(z)z Mt(g)l}dz>0. 63)

Since (61) implies that z; (4) is decreasing in o3, ,(S¢), higher anticipated manipulation risk lowers the
mass of locally binding traders and therefore lowers ¢S (.S;).

B.4 Anticipation dampens but does not eliminate the channel

Lemma 16. Fix a state S;. If mﬁo)(St) > 0, then there exist §x > 0 and g_%?(St) > 0 such that, holding the
equilibrium targets fixed, M — X (M, z}) is continuously differentiable on

0 0
[Mt(+)17 Mt(+)1 +0x ]

and
0X
aaf M) <~ (S) forall M (MO, M, + 6x).
If instead mgo)(St) =0, then
X (0) _.
W(Mt(+)l’ fUt) =0.

Proof. For long positions,
. Py EGO)Y
X(M,zf) = [ minq &} (i), —= p di.
0 M

On any interval over which the binding set is unchanged,

0X 1t E(i)
ey YN 3
—aM(M,xt) M2/0 E(z)l{xt(z)_ % }dz
If m,EO) (S¢) > 0, the binding set is non-empty at Mt(i)l, hence on some neighborhood
0 0
[Mt(+)17 Mt(+)1 + 5X ]a

and the derivative is bounded above by —gggf(St) for some gggf(St) > 0. If mio) (S;) = 0, the indicator
set is empty at Mt(f:)l, so the derivative there is zero. O

Proposition 3 (Anticipation dampens but does not eliminate the manipulation channel). Fix a margin

schedule g and a state \S; satisfying the local risk-input sensitivity conditions of the main theorem.
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If mﬁo) (S¢) > 0, then the two-period deviation in Lemma 5 remains strictly profitable whenever the
amplification condition holds with cx replaced by c$¥(S;). Anticipation can reduce c$¥(S;), but it
does not eliminate the round-trip channel while constraints remain locally binding.

If instead mgo) (S¢) = 0, then 5T (S;) = 0 and the forced-liquidation leg is locally absent.

Proof. Lemma 16 supplies the forced-liquidation step used in Lemma 5, with 5 (S;) replacing cx.
The profit calculation is otherwise unchanged. If mgo)(St) = 0, there is no local forced-liquidation

response. O

B.5 Design implications and the participation trade-off

This extension highlights an additional cost of steep pass-through in g. A larger local slope increases
the direct profitability of within-window manipulation, but it also raises the constrained sector’s ex-
posure to manipulation-driven margin jumps, increases 012\4,t(5t)r and lowers equilibrium targets in
(61). The resulting decline in ¢! is stabilizing, but it operates through reduced leveraged partici-
pation and hence through weaker liquidity provision and less effective use of the cleared market.
This reinforces the design logic in Section 6: slope caps and pooling regions reduce manipulation

incentives while also limiting ex ante contractions in constrained participation.

12



C Calibration details for Section 3.6

This appendix documents the empirical inputs used to interpret the loop-gain magnitude objects in
Section 3.6.

C.1 Objects and identities

Fix the one-update trigger-and-reverse deviation from Lemma 5: sell ¢ > 0 at the sampling time ¢
and buy ¢ at ¢t + 1. Under linear impact, selling ¢ distorts the sampled mark by AP, = ag. Define
aq L M
5bps 0 Pt y G p s m Pt
Ignoring proportional costs and inventory penalties (x = 7 = p = 0), Lemma 5 implies the bps profit
and ROI lower bounds

E[IL; | Sy
=10t
Tbps P

i — 2) Gbps
> (G = 2) Opps, ROI% = 100E ML LS o (G =2) dups

64
maqP;, 100m (64)

The liquidation-driven price pressure satisfies \APtlfﬂ = oL = Gag, so in bps the induced liquida-
tion pressure is G Op,ps.

C.2 Impact

Let ADV denote average daily traded value (dollars) and let NV, = ¢P; denote the trigger notional.
Define the participation rate

— Nq
f= DV € (0, 1].

Empirical microstructure evidence often supports square-root scaling of costs in participation units.

A convenient benchmark is
Opps(f) ~ 2004/ f, (65)

where f is expressed as a fraction of full-day ADV. The constant 200 corresponds to a one-way
cost scale of roughly 100/ bps combined with the standard triangle heuristic that maps average
execution cost into a peak mark distortion at the sampling time. Using full-day ADV is conservative
for settlement and margining since the relevant sampling-window volume is typically smaller than
full-day volume, which raises effective participation and thus d;,,s. For instance, from equation (65)
we have:

f =1% = 5bps ~ 20, f =2% = (Sst ~ 28, f =5% = 5bps ~ 45, f =10% = 5bps ~ 63.

Inverting (65) gives f ~ (dhps/200)%, so even very small bps distortions correspond to extremely
small fractions of full-day ADV when the sampling window is thin. This is consistent with Frazzini
et al. (2018) and Kyle and Obizhaeva (2016).

13



C.3 Elasticities

Let X denote the position of the constraint-sensitive sector. Define the elasticity of this sector’s posi-

tion to the margin level M by
dlog X

dlog M~

EXM = —
For a relative increase AM /M, the implied fractional position reduction is

L AM

X N ExM

< (66)

Empirical work on futures margins reports economically meaningful elasticities. To keep the calibra-

tion conservative and avoid selecting extreme estimates, we use the range
ex,m € {0.15, 0.225, 0.30}.

This range is consistent with evidence that margin increases reduce open interest and speculative

demand over horizons relevant for margin adjustment, e.g., the evidence in Hedegaard (2014).

C.4 Forced-liquidation multiple

Define the turnover ratio
XP,

" Apv
Since f = (¢F;)/ADV,we have ¢/ X = f/7. Combining with (66) yields

L AM T
G=—=c¢ —_——. 67
7 X.M~yr 7 (67)
This identity shows that G increases when: (i) margin moves are large (AM /M high), (ii) the con-

strained sector is large relative to market depth (7 high), and (iii) the trigger is a small share of volume

(f low).

C.5 Margin increases

Section 3.6 uses relative margin jumps

AM
= € {20%, 40%, 60%},

which correspond to moving from a baseline margin ratio my = 5% to m; € {6%, 7%, 8% under
the local linearization m = M /P. Risk-based initial margin models can generate short-horizon mar-
gin calls of this order even with anti-procyclicality tools. Stress-episode evidence and model-based
simulations document large and discrete changes in initial margin over short horizons; these facts

motivate using 20% to 60% as routine stressed and binding scenarios rather than tail hypotheticals.
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C.6 Tables

Table 2 Calibration inputs used in Appendix C.

Object Symbol Values
Baseline margin ratio mo 5%
Post-jump margin ratio mi 6%, 7%, 8%
Relative margin jump AM/M  20%, 40%, 60%
Position-margin elasticity — ex 0.15, 0.225, 0.30
Turnover ratio T 05,1,2
Participation rate f 0.5%, 1%, 2%, 5%
Mark distortion mapping  dpps(f) 200/f
Table 3

Forced-liquidation multiple G = L/q implied by (67). Each cell lists G for € x,3; = 0.15/0.225/0.30.

7 = XP,JADV
f 0.5 1 2
Panel A: AM/M = 20%
0.5% 3.0/4.5/6.0 6.0/9.0/12.0 12.0/18.0/24.0
1% 1.5/2.25/3.0 3.0/45/6.0 6.0/9.0/12.0
2% 0.75/1.125/1.5 1.5/2.25/3.0 3.0/4.5/6.0
5% 0.30/0.45/0.60 0.60/0.90/1.20 1.20/1.80/2.40
Panel B: AM/M = 40%
05% 6.0/9.0/12.0 12.0/18.0/24.0 24.0/36.0/48.0
1% 3.0/4.5/6.0 6.0/9.0/12.0 12.0/18.0/24.0
2% 1.5/2.25/3.0 3.0/45/6.0 6.0/9.0/12.0
5% 0.60/0.90/1.20 1.20/1.80/2.40 2.40/3.60/4.80
Panel C: AM/M = 60%
0.5% 9.0/13.5/18.0 18.0/27.0/36.0 36.0/54.0/72.0
1% 45/6.75/9.0 9.0/13.5/18.0 18.0/27.0/36.0
2% 2.25/3.375/45 4.5/6.75/9.0 9.0/13.5/18.0
5% 0.90/1.35/1.80 1.80/2.70/3.60 3.60/5.40/7.20
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Table 4
ROI lower bound in percent using (64) with d,ps(f) from (65) and the conservative denominator
m1qP;. Each cell lists ROI% for ex » = 0.15/0.225/0.30. Negative entries correspond to G < 2.

T=XP/ADV
f 0.5 1 2
Panel A: mg = 5% — m1 = 6% (AM/M = 20%)
0.5% 2.8/7.1/11.4 11.4/199/28.5 28.5/45.6/62.6
1% -2.0/1.0/4.0 4.0/10.1/16.1 16.1/28.2/40.3
2% -7.1/-5.0/-2.8 -2.8/1.4/5.7 5.7/14.2/22.8
5% -15.3/-14.0/-12.6 -12.6/-9.9/-7.2 -72/-1.8/3.6
Panel B: mg = 5% — mq = 7% (AM /M = 40%)
0.5% 9.8/17.1/24.4 24.4/39.0/53.7 53.7/83.0/112.3
1% 3.5/8.6/13.8 13.8/24.2/34.5 34.5/55.2/75.9
2% -24/12/4.9 49/12.2/19.5 19.5/34.2/48.8
5% -10.8/-8.5/-6.2 -6.2/-15/3.1 3.1/12.3/21.6
Panel C: mg = 5% — my = 8% (AM /M = 60%)
05% 149/24.6/342 34.2/53.4/72.6 72.6/111.0/149.5
1% 75/14.3/21.1 21.1/34.7/48.3 48.3/75.5/102.7
2% 1.1/5.9/10.7 10.7/20.3/29.9  29.9/49.1/68.3
5% -74/-44/-1.4 -1.4/4.7/10.8 10.8/23.0/35.1
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D Optimal Margin Design: Supplementary Derivations

This appendix collects the derivations and proof sketches for Section 6. Throughout, r denotes vari-
ance, 0 = +/r the associated volatility, and z the state. The rule is M = g(r) in margin-level units and

m = M /P in margin-ratio units.

D.1 First-best target and comparative statics
First-order conditions

Under /(z) = 24 and C(z) = 22/2, and for a state such that M > M_(z),

OME[(Dpy1 — M)y | r, 2] = —=Pr(Dyg1 > M | 1, 2),

BM% (ngf<z)(M - M—(Z))>2 = (c%?(z)f(M — M_(2)),

and
OyH(1—NM,M_(2);2)) = —H'(1 = N(M,M_(2);2)) 01N (M, M_(z); 2).

Setting the derivative of W(r, M; z) to zero yields (35). The positivity of p(M; z) in (36) follows from
H' >0and ;N < 0.

Quantile and expected-shortfall targets
If A\;, = Ap = 0, the first-order condition becomes
Pr(DtH > be(r;z) | 7, z) = K)M.

Using D;y1 = /r Y41 gives the quantile rule in (37). If instead the designer minimizes a tail-loss
objective subject to a fixed tail probability p, then positive homogeneity of expected shortfall implies

Mg(r; 2) = v/r ESp(Yeur | 2) -

Hence both VaR-based and ES-based first-best targets inherit the same square-root scaling.

Slope with respect to r

Define
F(r,M;z) =Pr(Dgy1 > M |1, 2) — kpp — )\L(cggf(z))Q(M — M_(2)) = App(M; 2).
At an interior optimum, F(r, M™(r; 2); ) = 0. The implicit function theorem gives

O F(r,M;2)

fby,.. _
0-M™(r; 2) = O F(r, M;2)

M=M?b(r;z)
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Notice that
—OnF(r,M;2) = fp(M | 1,2) + Ap(¢E(2) + Apdip(M; 2) = A(r;2) > 0.

Under the square-root scaling,

M
PI'(Dt+1 >M|’I",Z):1—FY(\/; Z>,
SO M M
Op Pr(Diy1 > M |1, 2) = ny(\/; z) > 0.

Therefore the first-best target is increasing in .

Comparative statics with respect to market functioning and participation

Differentiating with respect to ¢5! gives

2K (2) (MP(r;2) — M_(2))
A(r; 2) ’

D et M™(1; 2) =
X

which is negative whenever margins increase. If a parameter 7 enters the participation block only
through p(M; z, 1), then
ApOyp(M™(r; 2); 2,m)

A(r; 2) '

Thus any shift that makes participation more margin-sensitive lowers the first-best target.

&,Mﬂo(r; z) =

D.2 The constrained design problem

Fix z and define
Gic(z) ={0< ¢ (r) < 3(r;2) forr e I}. (68)

KKT conditions

Introduce the multipliers p(r;z) and v(r;z) for the upper and lower derivative constraints. The

Lagrangian is
L(g, p,v;2) = /I [F(r | 2)®(r,g(r): 2) + u(ri 2) (g (r) — 5(rs 2)) — v(r;2)g'(r)] dr. (69)
If we vary g by a small perturbation h, integration by parts gives
5L = /I [£0 | 2) 000 (1, g(r); 2) — pin(r; 2) + w13 2)] () .
Hence any interior optimum satisfies
FOr | 2) O (r, M*(r52); 2) — (15 2) + v (r; 2) = 0, (70)
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together with complementary slackness
plrs 2) (M (r; 2) = 5(r52)) =0, (71)

v(r;2)M¥ (r; z) = 0. (72)

Tracking, saturation, and pooling.

If 0 < M*¥(r;z) < §(r; z) on an interval, complementary slackness implies 1 = v = 0 there. Station-
arity then reduces to
oy v (r, M*(r; 2); z) =0,

which identifies M*(r; z) with the pointwise first-best target M (r; z). This is the tracking region.
If M*¥(r;z) = 5(r;z), the upper derivative constraint binds and the rule rises at the maximal
feasible rate. Under the realized-variance envelope,

1
M (r;2) = ———m—,
a(2)e (2)v/r
so integration yields the closed form
MH(r52) = a(a) + — e
r;z) =a(z S r
o(z)e ()

on any slope-saturated interval.
If M*(r; z) = 0 on an interval [a, b], the rule is locally flat. To pin down the pooled level k, perturb

the flat segment by a common shift . Feasibility is preserved for small |¢|, so optimality requires

d
0= —
de

b b
/ for|2)U(rk+e;2)dr = / flr|z)opmY(r, k; z)dr,
=0’ a

which is exactly (43).

Quadratic approximation around the first-best target.

A useful local approximation is
U(r,M;z) ~ \Il(r, be(r;z);z) + %h(r;z)(M — be(r; z))2,
where h(r;z) = Oy M\ll(r, M®(r; 2); z) > 0. On a pooling interval [a, b], the condition (43) becomes

k= JEh(rs2) f(r | 2)M™(r; 2) dr.
f; h(r;z)f(r | z)dr

Thus the pooled level is the weighted average of the first-best target over the interval. The weights

depend on both the density of states and the local curvature of the objective.
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D.3 Empirical bounds

This subsection converts the exact local cap into empirical objects that can be calibrated from market
depth, liquidation elasticities, and sampled-price distortions. Start from the exact local cap in levels

under x = 0:
dM 1

Sl 73
drp — acslt|Ap/P|P 73)

where 7p is the price-level variance input and Ap/P is the last sampled return in decimal units. Let

r:%, o=/r, m(r) =

Holding the current price fixed over the local perturbation gives

dm p dM dm d7M

am _ ,dM am _ - Po.
dr drp’ do  dop P T1C

Using |Ap/P| < o, the exact cap implies

dﬂ < 2 d7m < 1 dm < 2
do — acgg’ dr — acggo’ dom = /252 acggf'

(74)

Next we need to rewrite acS! in terms of standard measurable quantities. Let

dlog X o X XP M
€ =—— cy =€ — T = m=—.
XM dlog M X T EAMG ADV’ P

Let f = ¢P/ADV be the trigger trade as a fraction of average daily traded value, and let

_ 5bps (f)

o) = 22

denote the sampled-price distortion in decimal units. Since §(f) = aq/P,

P2 ()
“TADpv [

(75)

Using X = 7ADV/P and M = mP,
off TADV

= EX’MimP2 . (76)

Multiplying (75) and (76) yields

off _ EX,MTO(f)  ex,mT dops(f)
acst = m f - m 1p04f . (77)

Substituting (77) into (74) gives

4
do EX,MT(s(f) EX,MT(prs(f)
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dm 2mf 2 x 10*mf

< = . 79
doonn — V252 EXVMTé-(f) V252 EX,MTdbps(f) ( )
Dividing through by m yields the relative-cap formulas
1 dm 2f 1 dm 2f
—_—_— — < . 80
m do ~ ex uTI(f) mdo®™" = /252 ex pTO(f) (80)
Therefore, approximately
Am 2f N (81)
m V252 EX’MT(S(f)
which is the expression used in the main text.
D.4 Benchmark thresholds
Under the benchmark calibration
exar =0225, f=1%,  Opps(1%) ~ 20,
equation (81) becomes
A 2.
2m o 2.80 Ao, (82)
m T
where Ag®"" is measured in decimal annualized-volatility units. A ten-point increase in annualized
volatility implies
Am _ 0.28
- <=
m T

The annualized-volatility increase required to support a targeted proportional margin increase 7, is

-
Aginn = —— . 83
Umzn(nM) 2.80 M ( )

Measured in annualized-volatility points,
Aomin () = 7147 X 0y, (84)

with 75, in decimal units.

Table 5 reports the resulting benchmark thresholds. The table makes the comparison with ob-
served initial margin rules straightforward. Moderate short-horizon margin increases can fit inside
the cap when 7 is modest. But once the constrained sector is large relative to market depth, even
a highly risk-sensitive rule can only move margin modestly unless the volatility shock is extremely
large.

D.5 Portfolio margining

This subsection records the two extra ingredients that we need to keep track of when discussing
portfolio margining. The first modification concerns the cost of a tighter reset. If a one-unit increase

in margin induces liquidation vector B, then the associated liquidation-driven price move is A;B;.
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Table 5 Implementability thresholds

7T=05 7=1 71=2

Max Am/m for +10 annualized-vol points 56% 28% 14%
Max Am for +10 annualized-vol points when m = 5% 28pp 1l4pp 07pp
Annualized-vol points needed for a 20% margin jump 3.6 7.1 14.3

Annualized-vol points needed for a 40% margin jump 7.1 14.3 28.6
Annualized-vol points needed for a 60% margin jump 10.7 214 429
Annualized-vol points needed for an 80% margin jump  14.3 28.6 571

Under a quadratic benchmark, the per-state objective becomes

WP (r, M;2) = E[0(Dyy1 — M) | 7, 2] + sy M (85)

+ /\Q—LHAtBtH%(M — M,(z))z+ +ApH (1 — NP (M, M_(z);2)). (86)

Relative to the single-asset case, the term (c$¥)? is replaced by ||A;B||3. Hence larger liquidation
price pressure makes the first-best target flatter.

The second modification concerns implementability. Let d; be the direction that raises the portfolio-
risk input, and let ¢, ; be the directional sensitivity of that input. From Section 5, a sufficient local

no-manipulation condition is
(9/(r)ers) e <2, 4 = max{0, —d, A, By}. (87)

Equivalently,
2

Cr,ﬂ/& .

Thus larger trigger-liquidation alignment tightens the admissible slope pointwise.

g'(rs) < (88)

The portfolio case therefore differs from the single-asset benchmark in exactly two ways: the
first-best target becomes flatter when liquidation generates more cross-asset price pressure, as mea-
sured by ||A;B;||2; and, the implementability cap becomes tighter when the trigger portfolio is more
strongly aligned with the liquidation portfolio, as measured by /.

D.6 A two-asset illustration

A simple two-asset example shows that portfolio margining need not mechanically make the rule
flatter. Depending on cross-impact and on the alignment between the trigger portfolio and the lig-
uidation portfolio, the admissible slope can be either looser or tighter than in the single-asset bench-

mark. Take two assets and suppose the cross-impact matrix is

p 1
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Let the liquidation response to a one-unit increase in posted margin be split evenly across the two

2 \1

where ¢ > 0 is chosen so that the total liquidation sensitivity matches the single-asset benchmark.

assets:

That means the constrained sector keeps portfolio weights and proportionally sell equally the two

assets. Finally, suppose the local risk-increasing direction is the equally weighted direction

1 (1

so that selling both assets raises the scalar portfolio risk input. Let ¢, > 0 denote the sensitivity of risk
along d, and assume that ¢, is the same as in the single-asset comparison benchmark. Under these

1
AB:@E tp ,
2\1+p

so the liquidation price-pressure scale is

assumptions,

I+p
ABll2 = ac : 89
IAB]2 7 (89)
The trigger-liquidation alignment term is
1
b=—d AB = ozc\—/gp. (90)
For comparison, define the corresponding single-asset benchmark price-pressure scale as
&5 4= ac.
Then the two-asset example implies
AB 1
IABll2 _ ¢ _1+p 1)

§SA - éfSA \/g

On the cost side, the first-best target is flatter when the liquidation price-pressure scale is larger.

Relative to the single-asset benchmark, the two-asset first-best is therefore flatter if

I+p
— s — >V2—1~0.414,
V2 ’
and steeper if p < v/2 — 1. Second, on the implementability side, the portfolio slope cap is
2
/
< .
9 <=5
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Hence, relative to the single-asset cap

2
1) < 7
gsa(r) <  £5A

the ratio of admissible slopes is
gp(r) _ &% V2
goalr) ¢ 14p
Thus portfolio margining makes the rule more responsive when p < /2 — 1, and flatter when p >

V2 —1.

(92)

A calibration

It is useful to translate (92) into the benchmark numbers we have used in the main calibration. Un-
der the single-asset calibration with 7 = 1, a ten-point increase in annualized volatility permits at
most a 28% increase in the margin ratio. In the present two-asset example, the corresponding bound

becomes

maxA—m = 28% x

- T+, for a +10 annualized-volatility-point move. (93)

Three cases illustrate the comparison:

A
p=0 — max " ~39.6%,
m

A
p=05 — max 2m ~ 26.4%,
m

A
p=1 = max— ~19.8%.
m

Starting from a 5% margin ratio, these correspond to maximal manipulation-proof increases of about
1.98, 1.32, and 0.99 percentage points of notional, respectively. If liquidation is spread across weakly
linked assets, portfolio margining can make the public rule more responsive than in the single-asset
benchmark. But once liquidation loads on positively correlated assets and the trigger direction is
aligned with the resulting liquidation pressure, both the first-best target and the implementability
cap become flatter. In that case, portfolio netting tightens the design problem.
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E How CCP margin engines map into the model

Real-world initial margin systems differ in engineering detail, but their architecture is stable and is
described in rulebooks, methodology notes, and parameter files. In most implementations, a core
engine produces a scalar risk number from current marks and a prescribed set of risk scenarios or
recent price history. We denote this core input by I';. An overlay layer then applies anti-procyclicality

tools, floors, add-ons, rounding, and governance adjustments, producing the posted requirement
Myy1 = g(T¢).

Our model is not a claim that any one CCP uses realized variance. It is a claim about the composite
mapping from sampled, transaction-based marks into posted margin, and about what happens when
that mapping is locally sensitive in states where initial margin constraints bind.

Two clarifications matter once we allow portfolio margining, as in Section 5. First, the marks are
naturally a vector, even for a single clearing service: different contracts, maturities, and options share
a portfolio margin system. The core statistic I'; is then a portfolio object computed from a vector
of marks and from portfolio positions, while M; remains a single scalar requirement. Second, a
binding call is a funding event. Meeting it can force liquidation in a subset of contracts that need not
coincide with the subset of contracts that most efficiently moves the statistic. This is why the multi-
asset extension introduces a liquidation direction that summarizes, how a scalar margin change turns

into a vector of forced trades.

E.1 SPAN-style margining: CME SPAN and other venues

SPAN is a scenario-based portfolio margin system. At time ¢, let ©; collect the public SPAN inputs, in-
cluding scenario definitions, scan ranges, spread parameters, delivery parameters, and short-option-
minimum parameters (CME Group, 2019b,a, 2026; London Metal Exchange, 2015, 2026). Given cur-
rent marks P;, SPAN computes portfolio losses under a finite set of scenarios S and takes the worst
one:

et = max ls(Py; ©y).

Posted margin is then a further transformation of this scan-risk number:
M1 = g(T3"; 0y),

where g collects the overlay layer, including spread charges and credits, delivery add-ons, short-
option-minimum floors, option-value adjustments, rounding, and related conventions (CME Group,
2019b,a; London Metal Exchange, 2015).

This fits our framework directly. First, SPAN is price-based: current marks enter the scenario
losses I5(P;; ©;). Second, it is portfolio-based: I'}**" is computed from a vector of marks and positions,
while M, is a scalar requirement. Third, it is non-smooth for two reasons. The scan-risk term is a
maximum over finitely many scenario losses, so it has kinks when the worst scenario changes. The

map g adds further non-smoothness through floors, thresholds, credits, and rounding.
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This is exactly the environment of Section 5. A perturbation of marks at time ¢ can move the
portfolio risk statistic I';**" and therefore next period’s requirement M ;. If the requirement binds,
the induced deleveraging is a vector of forced trades, and those trades need not fall on the contracts
that were most effective at moving I';°*". That is the cross-contract wedge emphasized in our multi-
asset analysis.

E.2 OCC STANS

OCC STANS is a portfolio-based simulation margin system. Let ¢; denote the cleared portfolio at
time ¢, let Z; collect the marks and risk-state inputs used to seed the simulation, and let L) (qt; Zy)

denote simulated portfolio losses. A natural reduced-form representation is
DPTANS — ES9 ({L™ (qs Z) 1), Miga = g(TF™AN9),

where g collects stress components and other overlays (The Options Clearing Corporation, 2026; U.S.
Securities and Exchange Commission, 2024).

This fits Section 5 directly. The risk statistic is computed from a vector of marks and positions,
while the output is a scalar requirement. If the requirement binds, the induced deleveraging is a
vector of forced trades and need not fall on the contracts that are most effective at moving T'§ TANS,

For our mechanism, the key point is that ' TANS depends on the marks used to value the portfolio
and seed the simulation. When those inputs are built from sampled transaction-based marks at pre-
dictable times, a feasible perturbation of a sampled mark can change the simulated loss distribution
and hence the posted requirement. The composite mapping can also be non-smooth because OCC
adds stress components, max-type conservative choices, and other overlays (The Options Clearing
Corporation, 2026). This is the same portfolio-level, potentially non-smooth price-based environment
studied in Section 5.

E.3 LCH SwapClear PAIRS

LCH describes PAIRS as a filtered-historical-simulation margin model with volatility scaling and an
expected-shortfall-type tail risk measure (LCH, 2026; LCH.Clearnet Limited, 2015). In our notation,
the useful reduced-form representation is

TPAIRS — (tail functional of portfolio losses under scaled historical moves), My, = g(TPAIRS)
where g collects the overlay layer, including add-ons, floors, and intraday margining features docu-
mented in the procedures (LCH Limited, 2025; Reserve Bank of Australia, 2019; LCH Ltd, 2022).

This fits Section 5 directly. PAIRS is portfolio-based: it maps a vector of marks and risk-factor
inputs into a scalar margin requirement. If the requirement binds, the induced deleveraging is a
portfolio response and need not occur in the instruments that are most effective at moving the risk
statistic.

For our mechanism, the key point is narrower than any claim of practical manipulability. PAIRS

depends on current marks both through portfolio valuation and through the volatility-scaling step.
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If an economically important input mark is locally sensitive to tradable prices at a predictable sam-
pling time, and if the scaling step loads positively on recent mark changes, then I'} AIRS inherits local
sensitivity to the last sampled mark. That is the only property we need for the general logic.

The remaining ingredients are the same as elsewhere in the paper. A locally mark-sensitive risk
input feeds into a scalar posted requirement through g. If the resulting requirement binds, meeting
a higher call induces forced portfolio adjustment, with liquidation potentially falling in a different
set of instruments from those that moved the risk measure. PAIRS overlays such as floors, add-
ons, and intraday triggers can reduce smooth local pass-through in some regions, but they also shift
adjustment toward non-smooth events. That is the same continuity tradeoff studied in the main

theorem.

E.4 European anti-procyclicality measures as transformations inside ¢

Under EMIR, CCPs must address margin procyclicality, for example through a buffer, stressed weights,
or a long-lookback floor (European Union, 2013; European Securities and Markets Authority, 2018,
2022, 2023). In our notation, these measures are transformations inside g: they take a core risk num-
ber I'; and map it into posted margin M; . This is the only feature that matters for our mecha-
nism. Floors and buffers flatten pass-through when they bind and create kinks when they cease to
bind. Threshold-based release rules can add jump-like behavior. Stressed weights damp sensitivity
to calm-period data, but can introduce regime changes when the stressed component or its weight
changes.
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