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1 Introduction

A price-based constraint maps recent transaction prices into future binding demand through margin
requirements, leverage limits, collateral haircuts, or mandated exposure. Prices therefore clear trades
today and, at the same time, determine tomorrow’s feasible positions. When the constrained sector
is large enough to move markets,! a strategic trader can profit by moving the sampled statistic that
the constraint uses and then unwinding against the predictable rebalancing it induces.

How large can the constrained sector become before its own rule-induced trading makes the
market manipulable? We provide an implementable test to answer this question. We first show that
classical no-manipulation restrictions are incomplete once sampled prices mechanically determine
future binding demand. A market can satisfy the Huberman and Stanzl (2004) condition that every
admissible round trip has nonnegative expected execution cost and still admit profitable round trips,
because current trades now affect future constraints and therefore future forced flow. Theorem 1 in
Section 4 derives the missing no-dynamic-arbitrage restriction for this environment and turns it into
a capacity test for any disclosed price-based rule. Given a market-impact estimate and the mapping
from sampled transaction prices into next-period margin requirements, haircuts, leverage limits, or
target exposures, the test computes the largest size of the constrained sector consistent with non-
manipulability. In practice, it is an eigenvalue test on an augmented impact matrix that incorporates
the endogenous trading generated by the constrained sector.

Section 7 applies the test to volatility-managed indices used in structured products and indexed
annuities. We show that admissible scale is definitely small relative to market liquidity. Using only
a market-impact estimate and the published volatility-control rule, we compute a size bound for the
linked sector and vulnerability curves that show, for each sector size, how often the no-manipulation
condition fails. We do this for a single-asset rule (Template A) and a portfolio rule (Template B),
allowing for different assumptions on liquidity, target volatility, implementation lags, volatility dy-
namics, cross-impact, and return correlations. With a manipulation horizon of 7' = 126 days, the
conservative capacity bound Wyax(Z) is 0.165 days of ADV in Template A and 0.125, 0.122, and
0.230 in Template B for portfolios of N = 2,4, 8 assets. At the benchmark scale of one day of volume,
the no-manipulation condition fails 66.8% of the time with Template A and 88.8%, 94.0%, and 78.8%
with Template B.? Figure 1 plots this object directly: for each value of W, it shows the fraction of

'Evidence that formulaic mandates and rule-triggered collateralization have grown to a material share of modern mar-
kets includes: indexation in U.S. long-term mutual funds and ETFs (Investment Company Institute, 2025) and broader
discussions of passive investing (Sushko and Turner, 2018); central-bank estimates putting assets in volatility-targeting
and related volatility-sensitive strategies as high as USD 2 trillion globally (European Central Bank, 2020); the expansion of
indexed annuities and the associated rise of custom indices with built-in volatility-control features (Meisenzahl et al., 2025;
American Academy of Actuaries, 2026a); and the magnitude and stress sensitivity of derivatives margining (BIS, 2022;
10SCO, 2022; ISDA, 2025). Public descriptions of the underlying maps from prices into target exposures appear in index-
provider methodologies (MSCI, 2021) and in prospectus-level term sheets and filings for risk-controlled indices embedded
in structured products (J.P. Morgan Chase, 2023; Goldman Sachs, 2025).

2Volatility-managed products typically allocate between a risky ETF and a low-risk asset such as cash, T-bills, or a
bond index. The ADV and portfolio weight reported here refer to the risky leg. Suppose the risky leg is implemented
through a liquid ETF with $5 billion ADV and $600 billion in net assets. If the risky allocation averages 0.80 of AUM, then
Wiax(Z) = 0.165 implies a risky notional of 0.165 x ($5 billion) = $0.825 billion and total linked AUM of $0.825/0.80 =
$1.03 billion across the volatility-managed complex. This corresponds to only $0.825/$600 = 0.14% of the underlying
ETF on the risky leg, and $1.03/$600 = 0.17% in total linked AUM relative to the ETF’s size. At W = 1, which is
about 0.83% of the size of the underlying ETF, the risky notional equals one ADV (85 billion) and total linked AUM is
$5/0.80 = $6.25 billion; at that scale, the test fails in 66.8% of stress states, so the market is not manipulation-proof. These



Vulnerability curves (Template A, T=126)

100%-
Scenario
— baseline
- clpct_20bps
75%- —=— clpct_8bps
— - corrstress_x1.5
- corrstress_x2.0
-— el o
50%- —- ell_2
-— garch_garch_persistent
=== garch_iid_constvol

— rho_0.00

Fraction of states inadmissible

25%- — rho_0.30
-—- sigmaStar_10pct
— sigmasStar_15pct

single_window_20

0%~

00625 0125  0.25 05 "1 "2 "4 8
Strategy size W

Figure 1 Vulnerability curve for a volatility-controlled rule over horizon T' = 126 days.
Each stress state z is a joint draw of the rule inputs (recent returns that determine the realized-volatility
estimate and regime) and a local liquidity environment (impact operator 7). For each z we compute the

~

statewise capacity Winax(z) = sup{W > 0 : AT (H(z;W)) > 0}, the largest sector scale W that passes

the restricted-eigenvalue screen over horizon T'. The figure plots the vulnerability curve Pr,[IWW > Wyyax(2)]
against W, where W is the sector’s linked notional expressed in ADV units (so W = 1 means linked notional
equals one day of average trading volume; a unit change in exposure trades one ADV). This is the 7" = 126
panel of Figure 2.

states in which the test fails.

We characterize the optimal attack in Section 5. The attacker trades to move the sampled risk
statistic that governs future constraints and then profits by unwinding against the predictable rebal-
ancing induced by the tighter constraint. The strength of this motive is governed by two objects: how
sensitive the sampled statistic is to current prices, and how strongly constrained demand responds
to that statistic. For strategies based on convex risk measures, including volatility-control rules, the
trigger is often inventory-light because the attacker can raise measured risk with offsetting trades
inside the sampling window rather than by carrying a large directional position. Because the risk
measure is computed over a rolling window, the induced tightening and its reversal are mechani-
cally timed, which creates a predictable opportunity to enter and exit. This mechanism differs from
corners, squeezes, and standard price-level manipulation. The attacker does not profit by impairing
the net worth of the constrained sector, but by moving a disclosed statistic that mechanically reallo-
cates demand over time. We also study the multi-asset case in Section 6. Optimal exploitation can be
reduced to the two-dimensional span of the portfolio that is the most efficient at moving risk and the

portfolio that lies in the direction of liquidation.

figures are consistent with Khomyn et al. (2024) who find that the median ETF’s secondary-market dollar ADV is about
0.9% of AUM per day. In this setting, profitable round trips can be arbitrarily small. The attack is also inventory-light: the
trigger can be implemented through a short-lived spike-and-revert strategy that raises measured volatility while largely
undoing the price-level change, allowing the attacker to unwind quickly without warehousing a large directional position.



Notably, the timing of mechanical trading rules matters. Lagged updating yields a well-posed
induced response, whereas instantaneous updating can be singular or nearly singular, generating
extreme amplification. For volatility-managed portfolios, this distinction corresponds to whether the
exposure applied at ¢ is computed from a volatility estimate that excludes the price changes created
by the t-rebalance (lagged updating) or instead responds to prices within the same sampling window
(instantaneous updating). Without a lag, the rule can approach a fixed-point singularity: arbitrarily
small price changes can imply arbitrarily large mandated rebalancing. Lags and smoothing therefore
act as market stability conditions and as devices to reduce procyclicality.

Another implication of mandated strategies based on convex risk measures is that fragility need
not be greatest in high-volatility states. It can be greatest in calm markets, because the risk input is
then easiest to move. For target-volatility rules, manipulability is highest when measured volatil-
ity is low: inverse-volatility scaling makes exposure most sensitive to the volatility estimate, and a
given increase in realized variance has the largest percentage effect on measured volatility when the
baseline is low. Calm markets are therefore precisely the states in which a small spike-and-revert can
move measured volatility enough to induce material and predictable rebalancing. This is a rule-based
version of the paradox of financial stability (Borio and Drehmann, 2009). It is related to, but distinct
from, leverage-cycle mechanisms (Brunnermeier and Pedersen, 2009; Geanakoplos, 2010; Adrian and
Shin, 2010). In leverage-cycle models, amplification operates through balance-sheet capacity: re-
quirements tighten because collateral values fall or funding conditions worsen. Here amplification
arises because requirements are a deterministic function of a sampled risk statistic computed from
recent prices, and that statistic can be moved by trading even without any change in fundamentals,

collateral values, or intermediary capital.

1.1 Contributions to the Literature

Our first contribution is to extend the classical no-dynamic-arbitrage benchmark to environments
in which transaction prices mechanically determine future binding demand. In the benchmark of
Huberman and Stanzl (2004) and the subsequent no-dynamic-arbitrage literature (Gatheral, 2010;
Schneider and Lillo, 2019), trades move execution prices but do not alter tomorrow’s constraints or
tomorrow’s order flow. With price-based constraints, that exogeneity breaks down: current trans-
action prices enter next-period requirements and therefore generate predictable rebalancing by the
constrained sector. We show that classical impact restrictions are no longer sufficient for market vi-
ability in this environment. Theorem 1 in Section 4 derives the missing admissibility condition by
augmenting the impact-cost matrix to internalize rule-induced flow. Dynamic arbitrage is present
exactly when the resulting matrix fails to be positive semidefinite on round trips, which yields a
tractable eigenvalue test for manipulation-proofness.

Our second contribution is to turn this admissibility restriction into an implementable capacity
diagnostic. Given a disclosed price-based rule and a market-impact calibration, we compute a con-
servative bound on the scale of the constrained sector that is consistent with non-manipulability,
together with vulnerability curves that map sector size into the probability that the market fails
the test. In that sense, the paper is close in spirit to work that transforms observable inputs into

supervision-relevant objects such as systemic-risk measures, capital shortfalls, and vulnerability di-
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agnostics (Acharya et al., 2012; Adrian and Brunnermeier, 2016; Acharya et al., 2017; Brownlees and
Engle, 2017; Greenwood et al., 2015). The diagnostic requires only the rules followed by the con-
strained sector and an estimate of impact, and therefore provides a practical screen for how large a
mechanically constrained sector can become before its own induced trading creates exploitable round
trips.

Our third contribution is to characterize optimal strategic trading when forced flow is both pre-
dictable and manipulable. Unlike predatory-trading and order-anticipation models, where the rel-
evant imbalance is typically taken as exogenous from the attacker’s perspective (Brunnermeier and
Pedersen, 2005; Attari et al., 2005; Carlin et al., 2007; Rostek and Weretka, 2015; Sannikov and Skrzy-
pacz, 2016; Lou et al., 2013; Fardeau, 2021), the imbalance here is endogenously generated by a dis-
closed rule that maps sampled prices into future requirements. Mechanism-wise, the paper is closest
to contract-based and benchmark manipulation, where trading moves a reference statistic that then
governs payoffs or behavior (Kumar and Seppi, 1992; Hillion and Suominen, 2004; Dutt and Harris,
2005; Onur and Reiffen, 2018; Zhang, 2022). Our setting replaces settlement or marking rules with a
risk-based constraint that deterministically generates future forced flow, and it delivers a characteri-
zation of the optimal trigger-and-reverse round trip, including the inventory-light nature of attacks
under convex risk measures and the two-portfolio reduction in the multi-asset case.

Finally, this paper is closely related to Nicolai (2026), which establishes an impossibility result for
price-based risk constraints and studies the mechanism design of such rules. That paper shows that
no price-based, risk-sensitive rule can simultaneously guarantee liquidity continuity and round-trip
manipulation-proofness, and it characterizes the resulting design responses. We take the institutional
environment and the mechanical trading rule as given and ask a different question: for a given rule
and a given impact calibration, when does the induced feedback admit dynamic arbitrage, and how
large can the constrained sector become before that happens? This yields a computable admissibility
test, conservative capacity bounds, and vulnerability curves.

Roadmap. Section 2 sets up the baseline impact environment and reviews the classical no-manipulation
condition, in both the single- and multi-asset cases. Section 3 introduces deterministic price-based
constraints and closes the feedback loop, and Section 4 derives the corresponding augmented no-
arbitrage condition (Theorem 1). Sections 5 and 6 solve the optimal attack in the single- and multi-
asset cases and establish the two-portfolio reduction in the multi-asset setting (Theorem 2). Section 7
implements the stress test for volatility-controlled indices, and Section 8 concludes.

2 Model Setup

2.1 Single Asset

Fix a finite horizon T" with trading dates ¢t = 0, 1,...,7—1. Random variables are defined on a filtered
probability space (2, F, (F)¢>—1,P). The sigma-field F; represents public information available im-
mediately after outcomes at date ¢ are realized, with F_; denoting initial information before the first

trade. A time-t¢ trade w; is therefore chosen using F;_;.

Definition 1 (Inventory dynamics and admissible strategies). A single-asset strategy is a predictable
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process u = (ut)tT:’O1 with uy € R, meaning uy is Fy—i-measurable for each t = 0,...,T — 1. We interpret

u; > 0 as a purchase and u; < 0 as a sale. Inventory evolves according to
Tpp1 = Ty + ug, xo = 0. 1)

A strategy is admissible if it is predictable and uniformly bounded: there exists u > 0 such that |u:| < @ for
all t and all w € €.

Definition 2 (Round trips). An admissible strategy w is a round trip if it starts and ends flat,
T = 07 (2)

Equivalently, ZtT:_Ol u =0

2.1.1 Prices

We distinguish the unaffected price S;, which evolves absent the strategy’s trades, from the execution
price P,, at which the strategy transacts and which incorporates market impact. Let (S;).- be an

exogenous process adapted to (F;)i>—1.
Assumption 1 (Unaffected price). (S;)! ' is an F,-martingale and E[|S;|] < oo for all t.

Assumption 1 rules out predictable drift in S;. Any expected profits must therefore come from market
impact and from the deterministic institutional feedback introduced below, not from forecasting S;.
Execution prices typically move against the trader: buys execute above S; and sells below S;. We

capture this wedge with a standard transient linear impact specification.

Assumption 2 (Transient linear impact). Fix coefficients Gy, G1,...,Gr—1 € R and an impact slope

n > 0. Given a strategy u, the execution price at time t is
t
Py(u) =S¢ +1)  Gi-sus. (3)
s=0

The term nG;_su, is the contribution of the time-s trade to the time-¢ execution price. Previous flows
are allowed to influence current prices. The sequence (Gy) controls persistence: small G, at large lags
means impact decays quickly. A useful benchmark is purely temporary impact, Go = 1 and G, = 0
for all ¢ > 1, in which case P;(u) = S; + nuy.

2.1.2 Execution cost and finite-time dynamic arbitrage

Trading at execution prices generates the realized cash outflow

T-1
Z ’U,tpt (u)
t=0
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For a round trip this is the entire payoff, since the strategy starts and ends flat. Define realized trading
profit by
(u) = ue By (u).
t=0
Under the martingale benchmark for the unaffected price, a round trip cannot generate expected
profits from S; alone.

Lemma 1. Under Assumption 1, for any admissible round trip u,

T—1
E|> wsS:| =o0. (4)
t=0
Proof. Let x; denote inventory. Since u; = x441 — 4,
T—1 -
ugS Z $t+1 - xt
t=0 =0
T-1
= x7pST_1 — 2050 + Z xt(St_1 — St). (5)
t=1

For a round trip, zp = 0 and z7 = 0 a.s., so the boundary terms vanish. Predictability implies x; is
Fi—1-measurable. Taking expectations and using E[S; | F;—1] = S;_ yields, for each ¢t > 1,

E[xt(St_l — St>] = E[l’t E[St_l — St | }—t—lH =0

Summing over ¢ gives the claim. O

We start from the classical finite-horizon notion of price manipulation in Huberman and Stanzl
(2004) (and its transient-impact refinements in Gatheral (2010)). Throughout we impose this no-
manipulation benchmark, so any profitable round trip identified below cannot be attributed to the
classic mechanism in which a trader moves prices through impact and then unwinds. The gains
we study instead run through the institutional feedback that maps transacted prices into binding
requirements and induced forced flow.?

Definition 3 (Finite-time dynamic arbitrage). Under Assumptions 1-2, an admissible round trip u is a
price manipulation strategy if its expected execution cost is negative:

T-1
E|Y " uPi(u) (6)
t=0

Equivalently, E[II(u)] > 0 for T(u) = — Y14 _o utPi(u). The impact model is manipulation free (no finite-
time dynamic arbitrage) if no admissible round trip is a price manipulation strategy.

3 Attention is restricted to admissible strategies (predictable and uniformly bounded) as in Definition 1. This excludes
doubling-type schemes based on unbounded positions or arbitrarily large interim losses.
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2.1.3 A discrete-time no-manipulation condition

Stack trades into u = (ug,...,ur_1)" € RT. Define the lower-triangular impact matrix K € RT*7
with elements
Kt,s :ths 1{,525}, t,SE {0,1,...,T—1}, (7)

so that, for each ¢,

t
(Ku)t = Z thsus.

s=0

Under Assumption 2, the execution price is P;(u) = St + n(Ku)¢, and total execution cost is

T-1 T-1
Z u Py(u) = Z uSy + nu' Ku.
t=0 t=0

For a round trip, Lemma 1 implies E[> °, u;S¢] = 0, so expected cost is determined by the impact term.

It is convenient to define the following symmetric matrix
H=n(K+K"). (8)
Since v Kuisa scalar, u' Ku = u' K "u, hence
T L T
nu Ku= U Hu.

Finally, consider the subspace of deterministic round trips. Our notion of dynamic arbitrage restricts

the attention to these trades:

T—1
RT:{ueRT:Zut:O}. ©9)

t=0
We now derive the classical no-manipulation criterion (Huberman and Stanzl, 2004) on price impact,
which states that H should be positive semidefinite to prevent dynamic arbitrage.

Proposition 1. Suppose Assumptions 1-2 hold. Then, for any admissible round trip u,

T-1
Z Ut Pt (U)
t=0

Consequently, the following are equivalent:

E - %E [uTHu} . (10)

(i) The impact model is manipulation free in the sense of Definition 3.

(ii) The symmetric matrix H is positive semidefinite on Ry, that is, u' Hu > 0 for all u € R
Y p

Proof. Fix an admissible round trip u. By Lemma 1,

=E

Tz_l ug (Pr(u) — st)] .

t=0

T-1
E [Z utPt(u)
t=0



Assumption 2 gives P;(u) — Sy = n(Ku)¢, so

1 1
E =nE[u' Ku] = §E[uTn(K+ KNu| = §E[uTHu],

T-1
Z 'LLtPt(’LL>
t=0

which proves (10).

(i)=(@): If u' Hu > 0 for all u € Ry, then for any admissible round trip the realized trade
vector satisfies u(w) € Ry a.s., hence u(w) " Hu(w) > 0 a.s. Taking expectations and using (10) yields
E[>", u¢P;(u)] > 0, so no admissible round trip is a manipulation strategy.

(i)=(ii): If H is not positive semidefinite on Ry, then there exists & € Rr with @' Ha < 0.
Consider the deterministic strategy v = @. It is a round trip by construction, and it is admissible for

any bound @ > max; |G:|. Then (10) gives

T—1
1
E tz_; wPi(u) | =5 @' Hiu <0,

so u is a manipulation strategy, contradicting (i). O

Proposition 1 is the discrete-time Huberman and Stanzl (2004) benchmark: on the round-trip set
R, impact behaves like a true trading cost if and only if H is positive semidefinite. We impose
this baseline below. The mechanism studied in this paper therefore does not rely on classic impact-
based manipulation; it relies on the additional feedback that maps transaction prices into binding
requirements and induced forced flow.

2.1.4 Example: temporary linear impact

A convenient benchmark is purely temporary impact: set Go = 1 and Gy = 0 for all > 1. Then only
the contemporaneous trade affects the execution price. In this case K = Iy, where I is the T' x T
identity matrix, so

H=nK+K")=2nIr.

Hence u' Hu = 27 |ju||?> > 0 for all u € RT, and in particular for all round trips u € Rr. By Proposi-
tion 1, the model is manipulation free: every admissible round trip has nonnegative expected execu-

tion cost.

2.2 More than one asset

Fix N assets. At each trading datet = 0,1,...,T — 1, the trader chooses a trade vector u; € RY,
where (u¢)y, is the trade in asset n. Inventory is a vector process ¥; € RY evolving as

Ti41 = Tt + Ug, zg = 0.



A vector round trip starts and ends flat,
T-1
xr =0as. equivalently Z u =0
t=0

with equalities understood componentwise. As before, S; € RN denotes the unaffected price vector
and P;(u) € RY the execution price vector induced by the strategy.

Assumption 3 (Multi-asset unaffected prices). (S;)]_' is an (F;)-martingale in RN and E[||S,||] < oo
forall t.

Lemma 2 (Multi-asset martingale benchmark). Under Assumption 3, let u = (ut)z:ol be a predictable

RN -valued process and uniformly bounded: there exists w > 0 such that ||u.|| < @ for all t and all w. If
Zf;ol ut = 0, then

T—1
E [Z ujst] =0. (11)
t=0

Proof. Letx; = ZZ;E us be inventory, so u; = z441 — x;. We have

~
L

T—1
utTSt = .TU;ST_l — xJSO + Z x;r(St_l —S).

t t=1

I
o

On a round trip 9 = xr = 0 a.s. Predictability implies z; is F;_;-measurable, and the martingale
property yields E[S; | F¢—1] = Si—1, hence for each t > 1,

E[xtT(St—l - St)] = E[xtTE[St—l — S | ]:t—l]] =0.
Summing over ¢ gives the claim. -

Assumption 4 (Transient linear cross-impact). Fix matrices Go,G1,...,Gr-1 € RN*N_ Given a strategy
u, the execution price vector at time t is

t

Pi(u) =S+ > Gisus. (12)
5=0

The matrix G;—s maps the trade vector at time s into its contribution to the execution price vector

at time ¢. Diagonal entries capture own-asset impact; off-diagonal entries capture cross-impact. Lag

dependence allows impact to persist and decay over time. A useful benchmark is purely temporary

cross-impact: take Gy = A for some A € RV*¥ and G, = 0 for all £ > 1. Then Pi(u) = S; + Auy, so

only contemporaneous trades affect execution prices.

2.2.1 Execution cost and manipulation

The realized execution cost of a multi-asset strategy is ZtT:_Ol uy Pi(u). On a round trip this equals
minus realized profit. Stack trades over time into U € RNT, U = (u{,...,us._,)". Define the block

10



lower-triangular matrix K € RNTXNT by its N x N blocks
Kt,s = ths 1{t25}a t,S € {0,1,...,T— 1} (13)

Then the ¢-th block of KU is

t
(KU)t = Z Gt—su57
s=0

so Assumption 4 implies P;(u) = Sy + (KU);. As in the single asset case, it is convenient to define
the symmetric matrix
H=K+K'.

Collect vector round trips in

T—1
RT:{UERNT:ZW:O}, (14)

t=0

where the constraint is a vector equality in RY.

Proposition 2. Suppose Assumptions 3 and 4 hold. Then, for any admissible round trip u,

E - %IE [UTHU} . (15)

T—1
> ul Pi(u)
t=0

Consequently, the model is manipulation free if and only if H is positive semidefinite on Rp.

Proof. Fix an admissible round trip u. Lemma 2 gives E[3>"/;' u/ S] = 0, hence

T-1

T-1
utTPt(u) =F Z utT (Pt(u) — S’t)
t=0

T—-1 T—1 t
Z ug— (Pt(u) — St) = Zu:Gt_sus = U'KU.
t=0 t=0 s=0

Since U "TKU is a scalar, U T KU = U 'K U, hence
T R T 1 T
U KU:§U (K+K )U:§U HU.

Taking expectations yields (15). The model admits a manipulation strategy if and only if there exists
U € Ry with UTHU < 0, which is equivalent to failure of positive semidefiniteness of Hon Ry. [

With multiple assets, round-trip profits can arise from cross-impact even when each asset in isolation
is manipulation free. If H fails to be positive semidefinite on Ry, then some vector round trip has
negative expected execution cost: trading in one asset moves execution prices in another, altering the
cost of subsequent legs and allowing the strategy to close out flat at a gain. Proposition 2 gives the

finite-horizon condition that rules out such cross-impact loops within the transient linear class.
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2.2.2 Example: two-asset arbitrage

A concrete setting to illustrate the cross-asset no-arbitrage condition is a pair of tightly linked instru-
ments with asymmetric hedging pressure, for example a very liquid index future (asset 1) and a less
liquid cash instrument that tracks the same index (asset 2), such as an ETF or a basket proxy. When a
trader buys the future aggressively, liquidity providers often hedge by buying the cash instrument.
This transmits order flow from the future into the cash execution price. The reverse channel can be
weaker if trading in the cash instrument is more fragmented or less informative. Empirically, lead-
lag and price-discovery patterns of this type are well documented in futures versus spot settings
(Kawaller et al., 1987; Chan, 1992). Model this with purely temporary cross-impact, P;(u) = S;+ Auy,
and

A
A= ) Ar>0,A>0, A>e>0.
A Ao

The diagonal terms Ar, A\c are own-impact. The off-diagonal terms are cross-impact: trading asset 1
shifts the execution price of asset 2 with slope A, while trading asset 2 shifts the execution price of
asset 1 with a small slope e. Expected execution cost depends on

H

A4+ AT AR (e+A)/2
2 \(e+MN)/2 X '

A profitable round trip exists if and only if H is not positive semidefinite, equivalently if there exists

q # 0with ¢" A,q < 0. In two dimensions this is equivalent to

2
det(H) = A\pAc — <“;A) <0.

Cross-impact can dominate own-impact, creating a direction in which quadratic impact cost is neg-
ative. The simplest direction of attack is the spread v = (1,—1)" (buy asset 1, sell asset 2). Along
v,
T Aoy — T _
v Av=v Asv = A+ Ao — (e + A).

If e + A > Ap + A¢, then trading the spread has negative quadratic cost. With 7" = 2, consider the
round trip vy = v and u; = —v, which opens the spread at t = 0 and fully reverses it at ¢ = 1. The
strategy starts flat and ends flat, and

E =E =20 Aw.

1
Z u, Auy

t=0

1
> ul Pi(u)
t=0

For instance, if A\ = Ac = 0.50, ¢ = 0.05, and A = 1.50, then v" Av = 0.50 + 0.50 — (0.05 +
1.50) = —0.55, so expected execution cost equals 2(—0.55) = —1.10 < 0 and expected profit is strictly

positive. The opening trade in the liquid instrument pushes the execution price of the other leg
through hedging-induced cross-impact, while the reversal inherits a favorable wedge that more than
offsets the own-impact paid on both legs. Proposition 2 rules this out by requiring H is p.s.d. on Ry,

so that no vector round trip can have negative expected quadratic impact cost.
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3 Price-based constraints and forced deleveraging

We now introduce a constrained sector that follows a mechanical rule and show that this restores ma-
nipulation opportunities even when the standard no-manipulation condition holds. Including such
a sector is economically natural because it is pervasive in modern markets. Many trading mandates
and market institutions update binding constraints mechanically from recent transaction prices. Ex-
amples include risk-managed mandates (volatility targeting, risk parity, drawdown or VaR limits,
and multi-strategy hedge funds with tight risk constraints) and risk regulation that rescales exposure
when measured risk rises. Broker-dealers and prime brokers update haircuts, credit limits, and in-
ternal risk limits from the same inputs; central counterparties reset initial margins from recent prints;
and stress-test triggers and risk-control overlays often take the same form. The same structure is
explicit in crypto: derivatives venues update margins and liquidation thresholds from mark prices,
and lending protocols revalue collateral from oracle marks and liquidate mechanically when col-
lateral ratios breach preset thresholds. Even passive trading rules, such as mechanical momentum
or reversal strategies or equal-weighted portfolios, adjust holdings based on realized returns.* The
common structure is that past transaction prices determine tomorrow’s feasible position. With price
impact, this creates a feedback loop: prices affect tomorrow’s constraint; a binding constraint forces
trades; forced trades move prices.

Fix trading dates ¢t = 0,...,7 — 1, and let P, denote transaction prices (scalar in the single-asset
case, vector in the multi-asset case). Fix a window length m > 0. At each date ¢, the rule maps the

most recent m+-1 transaction prices into a scalar risk input,
Ft = F(Plf—m7~"7pt)7 (16)

and sets the next-date requirement
M1 = g(I'y), (17)

where g is nondecreasing. A constrained sector holds positions X; and must satisfy a requirement-

based feasibility constraint. A representative example is
| X¢(i)| My < E(i) for all constrained agents 1, (18)

where E(i) denotes equity. When the constraint binds, an increase in M; forces a reduction in | X (7)|.
Aggregating across constrained agents yields an induced sector demand rule X; = X (M;). The
mechanism follows from the mechanical sensitivity of constrained demand to past prices, i.e. the
fact that dX;/dP,_s # 0. As long as this sensitivity exists, the mechanism follows. Fix a binding
requirement M and define the local sensitivity B = —X’(M;) > 0. Rebalancing generates forced
order flow v; = X; — X;_1. Let u; denote the strategic trader’s order, and define total order flow

qr = Ut + V.

*Market-cap-weighted index funds, however, are immune to this type of rebalancing, except for rebalancing due to
changes in index composition (Sammon and Shim, 2026).
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Appendix A microfounds the mapping X (M), defines B = —X'(Mj) at a binding state, and records
the fully constrained benchmark X = W/M (hence B = W/M?).

Assumption 5 (Temporary linear impact with total order flow). Transaction prices satisfy
Py = S + Ag, (19)

where A = 1 > 0 in the single-asset case, and A = A € RV*N

2T Az > 0forall z € RV,

in the multi-asset case, with A symmetric and

Assumption 5 imposes the classical no-manipulation benchmark: absent the price-based constraint,
the impact block cannot generate positive expected profits from any admissible round trip (Huber-
man and Stanzl, 2004; Gatheral, 2010). It follows that any profitable round trip in the rest of the
paper is not impact-only manipulation. It is created by a distinct channel: transaction prices enter
the rule (16)—(17), the rule moves a binding requirement, and the requirement induces forced flow v;
that feeds back into prices. The mechanism is pinned down by four primitives: the statistic I';, the
schedule g, the constrained-sector mapping X (M) (equivalently, the mapping from M; into v;), and
the impact map from total flow ¢; into transaction prices P;. The remainder of the paper takes these
primitives as given, characterizes when their composition admits profitable round trips, and derives

stress tests for a given rule.

3.1 Profit decomposition and the mechanical source of arbitrage

Consider the single-asset case. For an order sequence u = (u;)_, realized trading profit is

T—1
M(u) == wh. (20)
t=0

For a round trip, Lemma 1 implies

E[I(u)] = —E

T—1
Zut(Pt—St)] .
t=0

Under Assumption 5, P, — Sy = ng; = n(u; + v;). Substituting gives

T-1 T-1
E[(u)] = —nE Z u?| —nE [Z utvt] . (21)
t=0 t=0

The term —n )", u? is the direct impact cost. The term —n ", usv; is the only channel through which
expected profit can be positive: it is positive exactly when u; tends to have the opposite sign of
forced flow v;. For instance, during forced liquidation v; < 0, a buy order u; > 0 makes w;v; < 0 and
increases expected profit. The source of arbitrage is that v; is endogenous and rule-driven. Forced
flow is the mechanical rebalancing of a constrained sector,

v =Xy — Xy 1, Xy = X(Mt)7
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where the requirement M, = g(I't) is computed from past transaction prices I'y = I'(Pi—y, . . ., P}).
Because transaction prices satisfy P; = S; +n(ut + v¢), the strategic order u; affects the realized prices

sampled by the rule, hence future requirements M, and therefore future forced flow v 1, vi42,. ...

4 An augmented no-arbitrage condition for price-based constraints

We now derive the correct no-arbitrage condition for this economy. We maintain the standard finite-
horizon benchmark for market impact: absent any constraint feedback, every admissible round trip
has nonnegative expected execution cost (Huberman and Stanzl, 2004; Gatheral, 2010; Schneider and
Lillo, 2019) (Propositions 1-2). This section asks whether a deterministic price-based constraint can
nevertheless generate profitable round trips. The manipulator’s profits here do not come from an
arbitrage embedded in the impact operator: by assumption, the impact block is manipulation-free.
The channel is also distinct from standard predatory trading, where the counterparty’s liquidation
path is taken as exogenous to the attacker (Brunnermeier and Pedersen, 2005; Carlin et al., 2007). In
our setting, the liquidation schedule is mechanically generated by a publicly specified constraint and
shifts, at the margin, with trades that move the sampled statistic. We study this feedback locally by
linearizing around a configuration in which the requirement is binding. Theorem 1 provides a test
for this linearized feedback loop: manipulation is absent if and only if the symmetric cost matrix that
endogenizes this feedback loop is positive semidefinite on the round-trip subspace. The test depends
on the impact map Z, the sensitivity of the risk statistic J, the margin-schedule slope s = ¢/'(T'¢), the
requirement-to-position sensitivity B, and the timing operators L and D that govern implementation
lags of the strategy. Although the condition is derived from a linearization, Appendix C shows that
failure of the test implies a truly profitable, sufficiently small round trip in the exact nonlinear model

(Proposition 9).

4.1 A linearized model

Fix a horizon T. We study a small trade-induced deviation, holding the unaffected price path S
fixed. For any object Y/, let 0Y denote its deviation from the reference value induced by trading; in
particular, the fundamental price is left unaffected, so 6S = 0. Let u € R” be the strategic trader’s
deviation from the current strategy and let v € R” be the resulting deviation in forced flow from the
constrained sector. Total flow is

q=u-+wv.

P is the transaction price path. Total flow creates a wedge between transaction prices and unaffected
prices. In deviations,
0P =65+ 1q, (22)

where T is the linear map from flow paths to the induced transaction-price wedge. It is convenient
to denote this wedge by
SAP =0P —6S =1q.
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Let T € R7 collect the trade-induced deviations in the statistic over the horizon, and let AP € RT

collect the corresponding deviations in wedge prices.

Assumption 6 (Local Regularity for Linearization). Fix the reference configuration used for the lineariza-
tion in this section. There exists an open neighborhood of the reference transaction-price path (equivalently, the
wedge-price path since S = 0) such that:

(i) The statistic map I'(P) is differentiable at the reference path, so the Jacobian J used in the linearization
exists; the schedule g is differentiable at the relevant statistic value, so ¢'(T") is well defined.

(ii) If the constraint includes nondifferentiable components such as caps or floors, turnover buffers, max or
min operations across windows, or other piecewise constructions, the linearizations in the main text are
taken at interior points where the active branch is locally constant and the defining inequalities are slack.
At kink points one can instead work with one-sided derivatives or a subgradient selection; replacing
J and ¢'(T') by such a selection yields a conservative sufficient version of the linearized admissibility

Screern.

The statistic is a deterministic function of the sampled transaction-price path, so its first-order ap-
proximation is
6T = JSAP, (23)

where J is the Jacobian of I'(P) evaluated at the reference configuration, holding S fixed. To keep
requirements aligned with the trading datest = 0,...,T—1,let6 M < RT denote deviations in posted
requirements that apply at those dates, so (6 ); corresponds to M;. Under the timing M;; = g(I';),
within-horizon deviations satisfy (M) =0and, fort =1,...,7 -1,

((5M)t =S ((5F)t_1,
where s = ¢/(T'y) is the local slope of the schedule at the reference statistic value. Equivalently,
OM = s LT,

where L € RT*T is the one-step lag operator.

4.1.1 From margins to forced flow

Let B denote the local sensitivity of aggregate constrained demand X = X (M) at the binding point.
Under the benchmark X = W/M, this sensitivity equals B = W/M2; more generally, when X is
differentiable at M, one can write B = —X'(Mj) > 0 (see Appendix A.1). Linearizing aggregate

demand around the binding point gives
0X =—-BoM.
Forced flow is the change in constrained demand, v; = X; — X;_1, so in deviations
v=—BDSM, (24)
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where D € RT*T s the first-difference operator.

4.1.2 Closing the loop

Combining the linearizations yields the induced forced-flow response to a wedge-price deviation,
v=—-BsDLJJAP. (25)
Using 0AP = Zq and q = u + v, the closed loop satisfies
qg=u— BsDLJIq. (26)

Define
K =BsDLJT. (27)

Then (I + K)q = u. I + K is invertible® and the fixed point selects a unique total-flow path for each
strategic deviation wu:
g=T+K) ", SAP=T(I+K)  u. (28)

4.2 The augmented no-arbitrage condition

We derive an augmented no-arbitrage screen that internalizes deterministic constraint feedback. Fix

an admissible round trip © € Ry. Under the martingale benchmark,

E

T-1

Z UtSt] =0

t=0

so expected profits depend only on the execution wedge P — S. In the linearized loop, (28) implies
P—-S=6AP=7(I+K) u.

Define the effective impact
I=T(I+K)™.

This impact matrix maps the proposed trade path into the entire wedge-price path, incorporating
both direct impact and the indirect component coming from induced forced flow. Expected execution
cost is therefore

E

T—1
g u Py
t=0

As usual, define the augmented symmetric cost matrix

—E [UT(P - S)] - E[uTiu] . (29)

H=T+1 =TI +K)'+(I+K) 1" (30)

Lemma 11 formalizes this argument; Appendix B proves it and contrasts lagged updating with instantaneous updating
M, = ¢g(T':), where invertibility can fail. Near singularity, small strategic trades can be strongly amplified into total flow,
producing the quasi-arbitrage pathology highlighted there.
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With TI(u) = — 3/ w P, it follows that
~ 1 ~
E[[[(u)] = —E [uTIu} - —§E[UTH u} (31)

A profitable round trip exists exactly when H has a negative direction on Ry, meaning that the
rule-induced response tilts the induced flow so that the trader can unwind on favorable terms often

enough to offset direct impact costs.

Theorem 1 (Augmented no-arbitrage condition). Consider the linearized feedback system (22)—(28) around
a binding state, and assume I + K is invertible.

(i) Single asset. The combined system is margin-feedback manipulation free in the linearized class if and only
if His positive semidefinite on Rr-.

(ii) Multi asset. Let T € RNT*NT map stacked total flow ¢ € RNT into stacked wedge-price deviations
SAP € RNT vig AP = Iq, and let J € RTNT map wedge-price paths into statistic deviations via
0T = JOAP. Under My = g(I't), write M = s LT with s = ¢'(Ty) and L the one-step lag operator.
Suppose the constrained sector rebalances along a fixed liquidation direction b € RN with local sensitivity
B = —X'(My) > 0, so the induced forced-flow deviations satisfy

v=—Bs(D®IN)Ir ®b)LJSAP.
Define
K=Bs(D®Iy)Ir®b)LJT e RNTNT,

and
H=Z(I+K)'+(I+K)T".

Then the combined system is margin-feedback manipulation free if and only if H is positive semidefinite on
round trips u € Ry

Proof. Part (ii) follows from the same argument after stacking time-and-asset vectors, so it suffices to

prove part (i). Fix an admissible round trip u. By Assumption 1 and the round-trip condition,

E =0.

T—1
E up St
t=0

Using (28), we have P — § = Zu, hence (31) gives
I e
E[ll(u)] = —QE[U Hu} .

If H is positive semidefinite on Rr, then u(w) € Ry a.s. implies u(w)TfI u(w) > 0a.s., so E[ll(u)] <0
for every admissible round trip. Conversely, if H is not positive semidefinite on Ry, choose & € Ry
with @7 H @ < 0 and take the deterministic admissible round trip u = 4. Then E[II(u)] = —3 " Hi >

0, so margin-feedback manipulation exists. O
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Appendix B, Theorem 4 rewrites the condition as a restricted eigenvalue test, which is convenient for
computation.

The mechanism behind Theorem 1 is distinct from standard models of predatory trading and
order anticipation (Brunnermeier and Pedersen, 2005; Carlin et al., 2007; Attari et al., 2005). In that
literature, the strategic trader profits from an order imbalance generated by a counterparty’s balance-
sheet stress, funding constraints, or liquidation needs. Conditional on the relevant state variables, lig-
uidation pressure is taken as given from the predator’s perspective; any feedback from the predator’s
own trades operates primarily through the price level, which worsens the counterparty’s financing
terms. Here, by contrast, the imbalance is produced by a disclosed, deterministic mapping from
sampled transaction prices into next-period requirements. When requirements bind, the induced re-
balancing is mechanical and pinned down by observable derivatives of the rule. The strategic trader
can therefore shift the magnitude and timing of future forced flow by trading to move the risk statis-
tic, so the profit opportunity takes the form of rule-induced trigger-and-reverse trading rather than
intermediation against an exogenously distressed liquidator.

4.3 Classical no-manipulation is not sufficient under deterministic margin rules

We now provide an example to show that an impact matrix that is manipulation free in the classical
sense (Huberman and Stanzl, 2004) can still admit profitable round trips once a deterministic price-
based feedback rule is added. Consider two trading dates ¢ = 0, 1 and temporary linear impact under
total flow,

By =S¢ + nqt, qt = ug + v, n >0,

and take the unaffected price to be a martingale (for simplicity, S; = S). The round-trip subspace is
Ro = {u € R? : ug + u; = 0}. Without feedback, v = 0 and hence ¢ = u, so for any u € Rs,

1
I(u) = — ZutPt = —n(ud +u?) <0,
t=0

which is the classical no-manipulation benchmark. Now introduce a reduced-form, deterministic
feedback from the date-0 trade to forced flow at date 1: set vg = 0 and v; = kug with k > 0. Then
qo = up and ¢; = u; + kup. For the round trip v = (¢, —¢q),

I(u) = —n(uogo + uiqr) = n(k — 2)¢?,

so the round trip is profitable whenever k£ > 2. In this two-period setting, a deviation is profitable
if it induces more than twice the flow that it initially requires. This reduced-form rule is consistent
with the linearized primitives in Section 4. In deviations,

v=—BsDLJJAP, 0AP =1q.
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With T' = 2 and Z = nly, choose J so that Jy o = —k/(Bsn) and all other entries are zero. Then

K = BsDLJT - | ° 0,
—k 0

and the fixed point (/2 + K)q = u reproduces vy = 0 and v; = kug. Since

_ 1 0
(L+K)t= (k 1),

the effective impact matrix is Z = Z(I + £)~" and the augmented symmetric cost matrix becomes

~ L~ 2 k
H:I+IT:77< )
k2

Foru = (—q,q) € Ry,
u' Hu = —2n(k —2)¢> <0 whenk > 2,

which matches the positive-profit region above.

5 Single-asset optimal attack under price-based margining

Section 4 provides a local diagnostic for when deterministic, price-based requirements overturn
the classical no-dynamic-arbitrage benchmark in temporary-impact models (Huberman and Stanzl,
2004; Gatheral, 2010; Schneider and Lillo, 2019). This section takes the rule and impact as given
and solves the strategic trader’s finite-horizon optimal round trip in the single-asset environment.
The solution separates two motives. First, the attacker earns profits by supplying liquidity against
predictable, constraint-driven orders, as in models of order anticipation and predatory trading (Brun-
nermeier and Pedersen, 2005). Second, and in sharp contrast to that literature, the attacker can trade
within the sampling window to move the rule’s input and thereby reshape future forced flow. The
dynamic program makes these incentives explicit.

5.1 The dynamic program

Throughout impose Assumption 5 and the fully constrained benchmark X; = W/M; from Lemma 7.
Fix a finite horizon T" with trading dates ¢t = 0,1,...,7 — 1. Initial conditions are (P_y, My, X_1, Xo),
where P_; is the last pre-horizon transaction price. For the optimal-attack dynamic programs in
Sections 5-6, we work conditional on a deterministic unaffected-price path (St)tT:__ll, so the state
transition is deterministic given (s, u;) and we omit conditional expectations. At the start of date ¢,

before choosing u, the state is
St = (:Z:ta Y, Pt,l, Mt7 Xt7 thl)' (32)
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The attacker controls inventory z; through trades. The pair (y;, P,—;) summarizes the information
used by the margin rule to map the next transaction price into the next requirement. The remaining
components (M, X;, X;—1) pin down the constrained sector’s current and lagged holdings, which

determine its mechanically induced net trade on date ¢. The rule is Markov in (y;, P;):
yt+1 - F(ytupt)v Ft == F(yt7Pt—17Pt)7 Mt—l—l - g(rt>7 (33)

and under the benchmark X;;; = W/M;;1. The constrained sector’s date-t forced order flow is
therefore predetermined at the start of date ¢:

Vs = Xt - Xt—l- (34)

The attacker observes v; in the state and chooses u; subject to a per-date bound |u;| < u. To
ensure feasibility of the terminal round-trip constraint z7 = 0, restrict actions to those that leave

enough remaining capacity to unwind:
U(zy) ={ueR: |[u <a, |z¢+u| < (T—1-t)u}. (35)
Given w4, total order flow is ¢; = u; + v; and transaction prices follow temporary impact:
P, =Sy +ng = S¢ +n(ur + vp). (36)

The attacker’s realized profit is IT(u) = — > ' u;P;. Because we impose a terminal round trip,
xzr = 0, and treat the unaffected price as a martingale benchmark, the unaffected-price component
has zero expected contribution to profits. Conditional on the realized path (.S;), the only component
of II(u) that depends on the choice of u; is therefore the execution wedge P; — S;. Accordingly, we
can write the per-period payoff as

(s, ur) = —ue(Py — Si) = —nue(we + ve), (37)

which is the objective optimized by the dynamic program. The direct impact term —nu? is always
negative, while the interaction term —nu;v; is positive precisely when the attacker trades against the
mechanically induced flow. Dynamic incentives arise because u; changes both inventory, z;11 =
x; + u, and the transaction price P, which enters (33) and can therefore move future requirements

and future forced flow. Given s; and u;, the next state is
spe1 = T (se,up) = (x¢ + ug, F(ye, Pr), Pr, g(Ty), W/g(Ty), Xy), (38)

where P, is given by (36) and I'; by (33). Define the value function

T—-1
Vi(s) = sup y me(sr,ur), (39)

(ur)rZs 7=t

subject to u, € U;(z,), the transition (38), and the terminal constraint 27 = 0. The associated Bellman
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recursion is

Vr(s) =0if z7 =0, Vr(s) = —oo otherwise, (40)
W) = max {m(s ) + Vi (T )}, 6=T =10, (1)
uct(x

5.2 Trade decomposition: harvesting, inventory management, and triggering

The dynamic program highlights two distinct roles of a trade. First, it determines the current payoff
through (37). Second, by moving P, it affects the rule and can therefore reshape future forced flow.
A useful benchmark holds future incentives fixed and treats v; as predetermined, isolating the purely
mechanical intermediation problem. This is the single-period analogue of supplying liquidity against
a given liquidation pressure in the predatory trading literature (Brunnermeier and Pedersen, 2005;
Carlin et al., 2007).

Lemma 3 (Myopic harvesting). Fix a date t and a state s; with predetermined forced flow vy = Xy — X;—1.
Under (37), the one-period payoff satisfies

2
(s, u) = —n(u + %) + ZU? (42)

Consequently, holding the continuation value fixed, m:(s¢, w) is uniquely maximized at

; v
uyVoPC = _57 Iilea]éi’ﬂ‘t(St,U) = gvf (43)

If vy = 0, then m(s¢, u) < 0 for all u, with equality only at w = 0.

Proof. Completing the square in (37) gives (42). The square term is minimized at u = —v;/2, yielding
the unique maximizer and the maximal value in (43). If vy = 0, then m(s;,u) = —nu? < 0, with

equality only at u = 0. O

Lemma 3 provides a pure harvesting benchmark. When v; is predetermined, gains arise only from
trading against the forced order, and the myopic optimum absorbs exactly half of it. The quadratic
form (42) shows that the attacker is compensated for providing immediacy against a predictable
imbalance, while paying the usual temporary-impact cost on own orders.

Optimal attacks depart from the previous myopic harvesting benchmark because the trader must
satisfy the terminal round-trip constraint and because u; affects future requirements and thus future
forced flow. The next result characterizes the interior optimum by rewriting the first-order condition
in terms of two shadow values: the marginal value of inventory carried into ¢ 4+ 1 and the marginal

value of shifting the current transaction price, which affects the rule state and thus future forced flow.

Proposition 3. Fixt € {0,...,T — 1} and a state s;. Suppose the optimizer u} in (41) is interior. Assume
that Vi1 is differentiable at st | = T (s¢, u;) and that T (s¢, u) is differentiable at uy. Define

d
perr = OaVeri(sia), vt = oo Vin(sin), B =S+ n(ug + o).
t
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Then w; satisfies the Euler equation

n(2u; +ve) = pr1 + v, (44)
or equivalently
* V¢ 1 1
=24 - ~Vpi. 45
Uy 5 T 277'ut+1 + v (45)

Moreover, the resulting current-period payoff satisfies

2 1 9
(s, up) = va - 77(1@k + %) = gvf — %(utﬂ + nreg1) (46)

Proof. See Appendix D.2. O

The decomposition (45) isolates three forces. The term —v;/2 is the myopic harvesting bench-
mark from Lemma 3. The inventory shadow value 111 captures the intertemporal motive familiar
from optimal execution with linear impact (Almgren and Chriss, 2001) and from transient-impact
models (Obizhaeva and Wang, 2013): even if future forced flow were held fixed, the attacker would
generally tilt away from myopic harvesting to manage the remaining unwind implied by 7 = 0.
The price shadow value v, is specific to the feedback environment because P; is an input to the re-
quirement update; when a marginal change in the current price shifts future requirements and thus
future forced flow, 144 is the continuation-value benefit of moving P;. The term %v? in equation (46)
is the mechanical rent available from intermediating the predetermined imbalance, while the sec-
ond term is the wedge cost of departing from the myopic liquidity-provision benchmark to manage
inventory and to move the rule’s input. A pure trigger trade corresponds to a choice of u} that is
deliberately off the harvesting benchmark, often making (s, u}) negative on impact, because the

continuation-value gains embodied in z;41 and/or ;41 dominate.

Corollary 1 (Trigger dates versus harvest dates). Fix a date t with vy = 0. Lemma 3 implies m;(s;,u) < 0
for all u. Assume 0 € Uy(x¢) (equivalently, |z¢| < (T — 1 — t)u), so that w = 0 is feasible. Then any optimal
action with uy # 0 must be chosen for its effect on continuation value in (41), since it cannot raise the current-
period wedge payoff. If, in addition, the conditions of Proposition 3 hold at (s, u}), then the decomposition

(45) reduces to
1
* P —
Uy = 2n#t+1 + Vi1
so any nonzero trade is driven by the inventory and/or rule-manipulation motives. Conversely, at any interior

optimum with py1 = 0 and viyy = 0, the optimal trade reduces to pure harvesting, uy = —v/2.

Proof. See Appendix D.3. O

Dates with nonzero v; are natural harvest dates because profits are available immediately by leaning
against the forced order. When v; = 0, any nonzero trade gives up wedge profits on impact and can
be optimal only because it increases continuation value, either by repositioning inventory ahead of
later harvest opportunities or by moving the rule’s input to reshape future forced flow. In this sense,
feedback makes the liquidation path endogenous: the same strategic trades that supply liquidity

against future imbalances can also shift the rule that generates those imbalances, unlike standard
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predatory trading and order-anticipation models in which the relevant order imbalance is taken as
given (Brunnermeier and Pedersen, 2005; Carlin et al., 2007; Rostek and Weretka, 2015; Sannikov and
Skrzypacz, 2016; Fardeau, 2021).

The decomposition also clarifies when the attacker may rationally trade in the same direction as
forced flow. Such procyclical trading is never selected by the static harvesting benchmark, since it
worsens the current payoff. It can be optimal only when continuation value dominates the harvesting
motive, either because inventory considerations shift trading toward later dates or because moving
the current price changes future requirements and enlarges future forced flow enough to compensate
for the extra impact cost today.

Corollary 2. Fixt € {0,...,T — 1} and suppose the conditions of Proposition 3 hold at (s, u}). Define

Xt+1 = P41 + NVt
(i) If vy # 0, then wyvy > 0 if and only if sign(xi+1) = sign(ve) and |xe41| > njvel.
(i) The one-period payoff at the optimal action satisfies m(s¢, uy) < 0 if and only if |x41] > njvel.

Proof. See Appendix D.4. O

Trading with the forced order requires x;;1 to be large enough to overturn harvesting and flip
the sign of the optimal trade, which is equivalent to |x;4+1| > njv| with sign(x;4+1) = sign(v). In
that region the attacker necessarily accepts a negative current payoff, using the date-t trade as an
investment in continuation value rather than a harvesting trade.

5.3 How the margin rule shapes the manipulation motive

Proposition 3 identifies 4 as the continuation-value gain from moving the current transaction price
through the rule update. The next result expresses v 1 directly in terms of the rule primitives (F, T, g)
and derivatives of the value function, making transparent which parts of the rule generate a manip-

ulation incentive and how they enter the Euler equation.

Proposition 4 (Decomposition of v;11). Fixt € {0,...,T — 1} and consider any state-action pair (s, uy).
Let P; be given by (36) and let s;y1 = T (s¢,ut). Assume Vi is differentiable at s;1, F is differentiable in
its price arqument at (y., P;), and g and I are differentiable at I'y = T'(y;, Pi—1, P;) and in P, at (y¢, Pi—1, P),
respectively. Write Byn = W/MZ,, and define

Ary1 = O Vig1(St41) — Bry1 Ox Vigi1(Se41), (47)

the shadow value of tightening the requirement when the constrained sector remains on X1 = W/M4q.
Then vy, 1 = d%tvtﬂ(stﬂ) satisfies

Vir1 = OpVig1(se41) + (VyVig1(see1)) - OpF (ye, Pr) + Mg g' (D) OpL (g1, Po—1, Py). (48)
Proof. See Appendix D.5. O
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The first two terms in (48) reflect the fact that P; enters the next state directly: it is stored as F;
and it updates the internal memory variable y;y; = F(y:, P»). The third term isolates the eco-
nomically relevant channel. Along X;;; = W/M,;;, a marginal change dM;; induces dX;;1 =
—By+1dM;41, so the change in continuation value induced by tightening is dV;;1 = Ay41dM;41. The
rule-induced incentive to move P, therefore factors into the statistic sensitivity opI'(y:, Pi—1, P;), the
local pass-through ¢'(I';), and the shadow value Ay of tightening next-period feasibility. In partic-
ular, the margin-update channel is active only when ¢/'(T';) 9pT" # 0, and its direction is governed by
sign(A¢19'(T)0pT).

Corollary 3. Under the conditions of Proposition 4, the margin-update component of vy, in (48) is
vy = Ai1 ¢/ (T) OpT (yt, Pro1, P).

Accordingly, the margin-update channel is locally inactive whenever ¢’'(I'y) = 0, OpT'(yt, Pi—1,P;) = 0, or
Aty1 = 0. When it is active, its sign is

sign(vpy1) = sign(Avr1g' (T (ys, Pi1, P)).-
Proof. See Appendix D.6. O

Manipulation through the margin update requires both links in the feedback chain to be operative:
the current price must move the statistic, pI' # 0, and the statistic must move the requirement,
g'(T'y) # 0. If either link is flat, marginal changes in P; do not change M;; and thus do not change
Xi¢11 under Xy = W/M;y,; the attacker then chooses trades only to harvest predetermined flow
and to manage inventory given the implied path of (v;). When both links are active, the induced
sensitivity of next-period constrained demand to the current price is

dXii1
dP;

= —Biy14 (T1) 0pT (ys, Pi1, P),

and Ayy1 converts the resulting marginal tightening into continuation value along the benchmark
constraint set. The margin-update component of v, therefore scales with |¢'(T';)0pI'| and points in
the direction determined by sign(As419'(I't)0pT).

5.4 Endgame structure, implementation lags, and closed-form harvesting

The terminal round-trip constraint forces an unwind at the end of the horizon. This endgame dis-
cipline rules out indefinitely carrying an induced position and makes late-horizon behavior largely
mechanical. Implementation lags strengthen this logic by limiting the set of dates on which a trade
can affect within-horizon requirements. At the terminal trade date ¢ = T" — 1 the unique admissible
trade is u}_; = —x7_1. Therefore Vr_i(s7—1) = mr—1(s7—1, —z7—1). With an implementation lag,
the last dates are left for harvesting and inventory management.

Lemma 4. Suppose requirements are applied with an implementation lag ¢ > 0, so that M1 = g(I't—y).
Then for any date t > T — 1 — ¢, the action w; cannot affect any requirements that arrive before the final trade
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date, namely (M1, ..., Mp_1), and hence cannot affect any within-horizon forced flows (vey1, ..., vr—1).
In particular, from such dates onward the continuation value depends on the state only through inventory, so
vi41 = 0 whenever the derivative in Proposition 3 exists.

Therefore, from date t onward the continuation problem reduces to harvesting against the predetermined
forced-flow sequence and unwinding inventory by T', solved in closed form by Proposition 5 when trade bounds
are slack (and by Proposition 6 under binding bounds). Equivalently, the last date at which a trade can trigger
additional within-horizon forced flow is tjoee =T — 2 — /.

Proof. See Appendix D.7. O

Lemma 4 captures a practical implication of implementation lags. Late trades can still move the mea-
sured statistic, but any induced change in posted requirements arrives too late to affect constrained
positions within the remaining horizon. From the last trigger date onward, the attacker faces a fixed
sequence of predictable imbalance and an obligatory unwind, linking the endgame to optimal execu-
tion with exogenous flow under convex impact costs (Almgren and Chriss, 2001; Alfonsi et al., 2010)
and to the broader literature on predictable trades and anticipated shocks (Lou et al., 2013; Bessem-
binder et al., 2016; Fardeau, 2021). More generally, once the remaining forced-flow path (UT)F;F:}1 is
fixed, the continuation problem reduces to intermediation and inventory management. The manipu-
lation motive drops out because within-horizon requirements, and thus within-horizon forced flows,

no longer depend on the current print.

Proposition 5 (Closed-form continuation when future forced flow is predetermined). Fix a date ¢t and

T-1

suppose that, conditional on the state s;, the remaining forced flows (v;);_;

are predetermined at time t and
do not depend on the continuation actions (u, ) _. Assume the per-date bounds are slack at the optimum. Let
n = T — t denote the number of remaining trading dates and define the average forced flow over the remainder

of the horizon,

T-1
_ 1
Vg = — E Vr.
n
T=t

Then the unique maximizer of the continuation problem satisfies, forr =t,..., T — 1,
1 _ Tt
uy = fi(v.r —) — - (49)

Moreover, the associated maximal continuation profit is
V;harv = n (’UT — ’l_)t)Q + nxivy — gl‘? (50)

Proof. See Appendix D.8. O

Proposition 5 shows that once the flow of the constrained sector is exogenous to the attacker, she
is optimally intermediating a known sequence of imbalances while respecting the terminal unwind.
The average level of forced flow does not by itself generate a timing opportunity; the timing rent
comes from predictable variation around the average. This is captured by 7 Zz;tl (v — v¢)?, which

vanishes when v; is constant over the remaining dates, leaving only mechanical liquidation. The
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remaining terms, nx;v; — ’7:17?, summarize the inventory tradeoff: carrying inventory aligned with
the average imbalance reduces the net intermediation burden, but outstanding inventory becomes
increasingly costly as n shrinks because it must be unwound over fewer remaining dates under

quadratic impact.

Corollary 4 (Only dispersion generates timing rents). In the setting of Proposition 5,

The only component of V;"® that depends on the temporal pattern of forced flow beyond its average is the

T— 1

dispersion term 7 Zf;tl(vT — )2 In particular, if (v,);_, is constant over time, say v, = c, then

Lt
uy =—— forallT, Ve — paye — ﬂxf.
n n

If, in addition, x; = 0, then u% = 0 and V" = 0,
Proof. See Appendix D.9. O

Corollary 5 (A single future liquidation event). In the setting of Proposition 5, let n = T — t and suppose
xy = 0 and forced flow is concentrated at the terminal trade date: v, = 0 for T =t,..., T — 2 and vy_; =
v < 0. Then v, = v/n and the optimal trades are

-1
u*=%<0f01’7':t,...,T—2, u}_lz—n v > 0.

T

Moreover, the maximal continuation profit is

—1
V;harv — g Z(UT _ 'L_}t)Q — 2” UQ-

Proof. See Appendix D.10. O

Holding the forced-flow path fixed, continuation value increases with its temporal dispersion. De-
sign features that bunch rebalancing into a narrow window (e.g., closing auctions, benchmark setting
dates etc) therefore raise dispersion and increase the rents available from subsequent intermediation.
Corollary 5 illustrates the optimal response to a bunched liquidation: the attacker accumulates in-
ventory ahead of the event and then supplies liquidity on the liquidation date by trading against the
forced order. In the full feedback model, early trades can change the forced-flow path by shifting fu-
ture requirements; once a particular (v,) is induced, the remaining problem is exactly the harvesting-
and-unwind continuation characterized above.

Finally, per-date speed limits matter for implementation. When |u,| < @ binds, the unconstrained
intermediation rule (49) cannot be implemented date by date. The optimum then clips the uncon-
strained target at £u on the most extreme dates and adjusts the remaining trades to satisfy the termi-

nal inventory constraint.

27



Proposition 6 (Harvesting with per-date trade bounds). Fix a date t and suppose that, conditional on s;,

T— 1

the remammg forced flows (v,);_; are predetermined at time t and do not depend on the continuation trades

(ur)TZ}. Consider the contmuatlon problem under temporary impact with per-date bounds |u,| < u:

max —n Z U + u’TUT s.t. Z Ur = —T¢, |UT| <u VT
(ur

Assume feasibility, |x;| < (T —t)a. Then the problem has a unique maximizer (u*)_}. Moreover, there exists
a scalar ¢; € R such that, fort =t,..., T —1,

uy = clipi_g g <—%T + ct> ; (51)

where clip|_g z)(2) = min{u, max{—u, z}} and ¢, can be chosen so that Zf “lur = —xy. If at least one
bound is slack at the optimizer (so |uk| < u for some 7), then ¢, is unique. If the bounds are slack for all T, then
(51) reduces to (49).

Proof. See Appendix D.11. O

6 Multi-asset optimal attacks

Section 5 characterizes the optimal single-asset round trip and shows how trading combines har-
vesting against predetermined forced flow with state manipulation through the margin rule. This
section extends the analysis to IV assets with temporary cross-impact under total flow. Cross-impact
changes both sides of the problem: it alters the rents from intermediating forced liquidation, and it
alters the marginal cost of moving the transaction-price features that feed into the statisticc. When
the constrained sector rebalances along a fixed portfolio direction b while the risk is a scalar statistic
from prices, the attacker can generally use one portfolio to move the statistic and a different portfolio
to intermediate the liquidation that the rule induces. This separation has no analogue in the single-
asset case, where the same impact coefficient governs both triggering and harvesting. The multi-
asset problem therefore links the feedback mechanism to multivariate linear-impact execution with
quadratic costs (Alfonsi et al., 2016), to cross-impact restrictions implied by no-dynamic-arbitrage
(Schneider and Lillo, 2019), and to order anticipation against forced liquidation (Brunnermeier and
Pedersen, 2005).

6.1 The dynamic program

Throughout impose Assumption 5 with IV assets and assume A is symmetric and positive semidefi-
nite. Fix a finite horizon 7" with trading datest = 0, 1, ..., 7'—1. Initial conditions are (P_1, Mo, X_1, Xo),
where P_; € RY is the last pre-horizon transaction-price vector. As in Section 5.1, we work condi-
tional on a deterministic unaffected-price path (S;)7_!,. At the start of date ¢, before choosing u, the
state is

st = (24, Yo, Pr—1, My, Xy, Xy—1), (52)
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where z; € RY is the attacker’s inventory, (y;, P,—1) is the information the rule uses to update the
next requirement, and (M;, X, X;—1) pin down the constrained sector’s holdings and its date-¢ forced

flow. Given (y;, P;—1) and the current transaction-price vector P;, the rule updates via
Yir1 = Fys, Pr), Ly =T(yt, P—1, Pr), M1 = g(Ty). (53)

Under the fully constrained benchmark, the sector holds a fixed portfolio direction b € R scaled by

W/Mti

w
X = —b. 54
= (54)

The associated local sensitivity of holdings to the requirement is

0xX, _ W
OM; — M?

b. (55)
Thus the constrained sector’s date-¢ net trade is predetermined at the start of date ¢ as
v =Xy — Xy—1. (56)
The attacker chooses u; € RY subject to the per-date speed limit
Hut||1 < u. (57)

To ensure feasibility of the terminal round-trip constraint x7 = 0, restrict attention to actions that

leave enough remaining capacity to unwind:
Up(zy) = {u € RY : Jull, €@, ||z +ull, < (T—1- t)a}. (58)

Given u, total order flow is ¢; = u; + v; and transaction prices follow temporary cross-impact under
total flow,
Pt = St'i‘Aqt = St+A(Ut+Ut). (59)

Using (59), the date-t per-period objective is
(st ur) = —u] (P — St) = —uf Alug + vp). (60)

The direct impact term —u, Aw, is weakly negative. The interaction term —u, Av, is positive precisely
when the attacker trades against the mechanically induced flow, with the relevant notion of against

determined by the cross-impact matrix A. Define the transition map si11 = T (s¢, ut)
T(Styut) - <:Bt + Ut F(ytapt)u Pt7 g(Ft)u Xt+17 Xt>7 (61)

where P, is given by (59), I't = I'(yt, Pi—1, P;), and




The value function is
T-1

Vi(s) = sup Z?TT(ST,’LLT), (62)

(uT)f;tl T=t

subject to u, € U (z,), the transition map (61), and z7 = 0. The associated Bellman recursion is

Vr(s) =0if zp =0, Vr(s) = —oo otherwise, (63)
Vi(s) = n}/la?){m(s,u)—i—VHl(’T(S,u))}, t=T-1,...,0. (64)
uels(x

Relative to (41), the control and inventory are vector valued and the impact matrix A determines the

trading-cost geometry for both harvesting against forced flow and moving the rule’s price inputs.

6.2 Myopic harvesting and Euler equations

The multi-asset problem has the same structure as the single-asset case: gains come from trading
against forced flow, while dynamic incentives arise because current trades move both inventory and
the transaction-price vector that enters the rule update. As a benchmark, treat v; as predetermined
and hold the continuation value fixed.

Lemma 5 (Myopic harvesting in multiple assets). Fix a date t and a state s, with predetermined forced
flow vy = Xy — Xy 1. Under (60), the one-period payoff satisfies

T 1
(s, 1) = —(u + 7) A(u n 7) + v Av. (65)
Consequently, holding the continuation value fixed, (s, u) is concave in u. The set of unconstrained maxi-
mizers is
uyoPe — —% +n, An =0, (66)

and the maximal rent equals max,cpn ™ (s¢,u) = v, Avy. If A is positive definite, the maximizer is unique

and equals u;™P¢ = —v, /2.

Proof. Using (60) and symmetry of A,
mi(se,u) = —u' A(u+v) = —u' Au—u' Avy.
Expanding the quadratic form gives
T T T T
(u+ %t) A(u—l—%) =u Au-+tu Avt—i—%vt Auvy,

which rearranges to (65). Since A is positive semidefinite, 2" Az is convexin z,s0 — (u+ %) A (u+ %)
is concave in u. The square term is minimized when A(u+wv;/2) = 0, equivalently v = —v;/2+4n with
An = 0, and substituting into (65) yields the maximal value. If A is positive definite, then An = 0

implies n = 0, so the maximizer is unique. O

Lemma 5 is the vector analogue of Lemma 3. When v; is predetermined, gains arise only from inter-
mediating that flow, and the instantaneous harvesting rent is v, Av,. Cross-impact affects this rent

30



through both the impact intensities and the off-diagonal entries of A.

An optimal attack typically deviates from myopic harvesting because the attacker must unwind
by T and because current trades move the transaction-price vector that enters the requirement up-
date. The next result extends Proposition 3 by decomposing the interior first-order condition into

harvesting, inventory management, and rule manipulation.

Proposition 7. Fix t € {0,...,T — 1} and a state s;. Suppose the optimizer u; in (64) is interior, uj €
int Uy (), and assume that Vi 1 is differentiable at the continuation state sy, | = T (s, uy). Define

d
pie1 = VaVigr(si) € RY, vy = dTDtWH(St*H) eRY, P =S+ Ay +w),
where dipt denotes the total derivative through all components of s;11 that depend on P; under the transition

map. Then uj satisfies the Euler equation

A2uf +vi) = 1 + Ay (67)
If A is positive definite, (67) uniquely determines the interior optimizer:

2uf = —vp + A gyt + v

If A is only positive semidefinite, the objective and the rule respond only to the price-moving component of
trades. Trading in an impact-neutral direction does not move the price under (59) and does not generate
cashflows, so such directions are economically irrelevant for harvesting and for triggering. Let AT denote the
Moore—Penrose pseudoinverse and write 11 4 = AT A for the operator that extracts the price-moving component
of a trade. Then (67) pins down 11 suy, and the canonical choice that sets the impact-neutral component to zero
satisfies

1 1 1
Mauf = 5 Have + §ATMt+1 + 5 Maviqq. (68)

If A is positive definite, then AT = A=Y and 114 = I, so (68) reduces to the previous expression. Moreover, the
resulting current-period wedge payoff can be written as

N 1 roow ) o 1 1
Ft(st, ut) = ZU;FA% — (ut + 7'5) A(ut + %) = EU;AW — Z(MH_I + AVt_:,_l)TAT (Nt-‘rl + AVt+1)~ (69)
Proof. See Appendix E.2. O

The decomposition (68) has the same logic as (45), but cross-impact changes what it means to lean
against forced flow and what it means to move prices. On the harvesting side, the attacker is paid
only for absorbing the part of the forced imbalance that actually moves execution prices. If a com-
ponent of v; does not move transaction prices under the impact matrix A, it cannot generate rents
and it does not create a harvesting opportunity. On the inventory side, cross-impact changes which
portfolios are cheap to trade. The same marginal value of carrying inventory, 1,41, translates into
smaller position adjustments in directions where execution costs are higher, exactly as in multivari-
ate optimal execution with quadratic costs (Alfonsi et al., 2016). Finally, the manipulation motive is

tied to how trades move the transaction-price vector that the rule observes. The continuation-value
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sensitivity 14,1 matters only insofar as the attacker can move the relevant prints through impact;

directions that do not move prices cannot be used to shift the statistic or tomorrow’s requirement.

6.3 Chain-rule decomposition of the rule-manipulation motive

Proposition 7 identifies 1411 as the continuation-value gain from moving the current transaction-price
vector through the rule update. As in the single-asset case, 1411 can be expressed in terms of the rule

primitives (F,T", g) and marginal values in the continuation problem.

Proposition 8 (Chain-rule decomposition of v¢11). Fixt € {0,...,T — 1} and consider any state-action
pair (s¢,ui). Let Py be given by (59) and let s;11 = T (s¢,ur). Assume Viyy is differentiable at s,yq, F is
differentiable in its price arqument at (y;, P;), and the maps g and T are differentiable at T'y = T'(ys, Pi—1, P;)
and in Py at (y., Pi—1, P;), respectively. Define

A1 = O Vi1 (s141) — Bl VixViga (si41), (70)

the shadow value of tightening the requirement along X1 = (W/M;41)b. Let

=—V RN
Vi1 ap, t+1(5t11) €

denote the total derivative of the continuation value with respect to the current print P, through the transition

map. Then
Vi1 = 0pVir1 (s001) + (0pF(ye, ) ' VyVist (se41) + A1 ¢'(T2) OpT (g, Pit, P). (71)
Proof. See Appendix E.3. O

Relative to the single-asset case, the key new feature is that the rule may be sensitive to particular
price combinations, and cross-impact affects how cheaply the attacker can move those combinations

because the print responds to trades through P, = Sy + A(us + vy).

6.4 The geometry of multi-asset attacks

In multiple assets, the attacker faces two economically distinct objects. First, forced flow arrives in
the constrained sector’s portfolio direction b, so harvesting rents are earned by trading in ways that
load on that liquidation pressure. Second, the rule reacts to a scalar statistic, so the ability to trigger
future requirements is governed by the price direction to which the statistic is sensitive, summarized
by the gradient 9pI'. Cross-impact A connects these objects by mapping trades into prices and by
determining execution costs. The results below formalize two practical implications: the cheapest
way to move the statistic is to trade a particular portfolio, and once the rule marks a fixed portfolio,

the optimal attack can be implemented using only two portfolios.

Lemma 6 (Minimal-cost portfolios). Fix a date t and suppose the statistic is differentiable in the current
transaction-price vector with gradient j, = Opl'(yt, Pi—1, P;) € RN, Under (59), an infinitesimal trade
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perturbation 6u € RY induces P, = A Su and therefore the first-order statistic change
6Ty = j 6P = j Adu.

Assume j,' Aj, > 0. Among all perturbations that deliver a given marginal statistic move 6Ty = §, the one
with minimal instantaneous impact cost 6u' A du is
52

o . T
—— ¢ min ou' Adu = ——.
jtTAjt ' {0u: j Adu=6} jtTAjt

Su* =

If 5, Aj; = 0, then Aj, = 0 and hence j,' ASu = 0 for all Su; the statistic is locally insensitive to trading at
date t.

Proof. A marginal trade perturbation éu moves the price by 6P, = A du, so the associated marginal
statistic move is the exposure jtT 0P, = jtT Adu. Fix a target move 6I'y = 0 and consider the least-
cost way to achieve it. Under temporary impact, the instantaneous cost of Ju is the quadratic form

Su' A du, so we minimize this cost subject to delivering the required exposure:

min ou'Adu st Adu=4.

The cheapest way to hit a one-dimensional exposure constraint is to load on the exposure direction
itself. Formally, the first-order condition for the constrained minimization implies that the cost gradi-
ent 2A du is proportional to the constraint gradient Aj;, so any cost-minimizing perturbation satisfies
Adu o Aje. This pins down the price-moving component of éu to be proportional to j;, and the
exposure constraint then fixes the scale. When j,' Aj; > 0, the unique price-moving minimizer is

0

ou* = - -
ji Agie

jt7

and the corresponding minimal cost is §2/( 3 Aji). 1f 5, Ajy = 0, then Aj; = 0, so trading cannot
move the statistic at first order: for any perturbation u we have j,' A du = (Aj;) " 6u = 0. O

Lemma 6 isolates the cheapest way to move the rule’s input. Only the statistic gradient j; matters: the
rule reacts to the current prices through the single exposure j,' P;, so the lowest-cost way to change I';
at the margin is to trade the portfolio aligned with j;. Cross-impact enters through the scalar j, Aj;,
which is the execution-cost intensity of moving that exposure. There is no reason for this trigger
portfolio to coincide with the liquidation portfolio b, so in multiple assets the portfolios that generate
forced flow and the portfolios that most efficiently move the statistic typically differ. When the rule
depends on a portfolio d and its value d" P, one has j; « d, and the relevant trigger cost becomes
d' Ad.

Theorem 2. Suppose the margin rule computes its scalar statistic by marking a fixed portfolio direction d €
RN there exist functions F and T such that

Yt+1 = F(yt, dTPt), Iy = f‘(yt,dTPtfla dTPt)a
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for all relevant t. Consider the multi-asset dynamic program in Section 6.1 under temporary total-flow impact
(59) and constrained demand (54). Consider the relaxed problem in which the per-date trade bound (57) (and
hence the admissible set (58)) is removed but the terminal round-trip constraint xr = 0 is retained. Then the
supremum value of the relaxed problem is unchanged when restricting attention to attacks (u;)l_;" that trade
only the two economically relevant portfolios,

up € span{b,d}  forallt.

In particular, if the supremum is attained then there exists an optimal attack (uf)l_;' satisfying this span
restriction. Moreover, once trades are restricted to span{b, d}, cross-impact matters only through three scalar
cost coefficients:

bT Ab, bTAd = d' Ab, d" Ad.

These numbers summarize, respectively, the execution-cost intensity of trading the liquidation portfolio b, the
execution-cost intensity of trading the marked portfolio d, and the cross-impact interaction between the two
portfolios. When N = 1 this reduction collapses to the single-asset model.

Proof. See Appendix E.4. O

Theorem 2 says that, when the rule marks a fixed portfolio d, the attacker never needs to trade a
large menu of assets. Two portfolios span everything that matters. The constrained sector is forced
to rebalance only in the liquidation portfolio b, so the only immediate profits available for harvesting
come from trading in ways that absorb that b-direction order imbalance. The rule, on the other hand,
reacts only to the portfolio price d' P, so the only way to trigger or reshape future requirements is
to trade in ways that move d' P,. Trading any portfolio component outside the span of {b,d} does
not help absorb the forced b-imbalance, and does not move the portfolio price the rule uses. Once
attention is restricted to combinations of b and d, cross-impact affects outcomes only through three
transparent scalars:
bT Ab, d" Ad, bT Ad.

These summarize, respectively, how costly it is to intermediate liquidation in portfolio b, how costly
it is to move the marked prices in portfolio d, and how much trading in one portfolio moves the other
through cross-impact.

7 Volatility-controlled indices in structured products

Volatility-controlled (also called risk-control, volatility-managed, or target-volatility) indices are a
large, rule-driven segment of asset markets, and they embody the design problem at the center of
this paper. The underlying methodology is publicly disclosed and mechanically implemented: a
short return history (often 20 days) is mapped into a risk statistic (volatility) and then into next-day
exposure, often with caps, floors, smoothing, and implementation lags (Krein and Fernandez, 2012;
Moreira and Muir, 2017; MSCI, 2021; S&P Dow Jones Indices, 2025). These indices are embedded
in retail structured products and index-linked annuities, so the mapping from sampled transaction

prices into mandated reallocations is a contractual trading rule. As a result, when realized volatility
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rises and exposure needs to be reduced, replication requires predictable rebalancing in the hedge
instruments (usually ETFs), and when volatility falls the rule predictably re-levers.

This setting is interesting because volatility-control indices are both large in practice and unusu-
ally transparent in their design. The methodology is disclosed and fixes the mapping from trans-
action prices into the risk statistic and then into next-day exposure. The remaining input is market
impact in the hedge instruments used for replication; no holdings, dealer inventories, or ownership
data are needed to test whether the sector is potentially manipulable. Since the market impact of the
volatility-managed complex grows with its size, a candidate methodology together with an impact
calibration implies an explicit capacity bound via Theorem 1, namely the largest linked notional for

which the induced feedback mechanism remains manipulation-free in the linearized system.

7.1 Product types

Typically, three parties are involved in the volatility-managed complex: the index sponsor (and cal-
culation agent) publishes the methodology and the resulting index levels and weights; the issuer
or insurer sells a contract whose payoff references the index, so the liability inherits that methodol-
ogy mechanically; and a hedge desk replicates the liability using liquid instruments (ETFs, futures,
swaps, and cash). When the index rebalances, replication requires a mechanical rebalancing in the
hedging instruments. Appendix F details the institutional setting and maps a published methodol-
ogy into the rule objects used in our computations; the institutional descriptions follow American
Academy of Actuaries (2026b); MSCI (2021); S&P Dow Jones Indices (2025); BlackRock (2023). Most
marketed designs share the same blueprint: a risky reference portfolio is held alongside cash or a
bond-like instrument, and a volatility-control rule adjusts the risky weight to keep risk near a stated

target. We focus on two types that capture the feedback channel in our model:

1. Single underlying (Template A). The reference portfolio is a single parent index. The risky weight
is a capped inverse-volatility function of a rolling volatility estimate (MSCI, 2021; S&P Dow
Jones Indices, 2025).

2. Multi-underlying, fixed basket (Template B). The reference portfolio is a fixed multi-asset basket
(often implemented with ETFs or futures). A scalar volatility-control factor scales the entire
basket relative to cash (BlackRock, 2023; S&P Dow Jones Indices, 2025).

Some products add an additional layer: the reference portfolio itself changes over time based on
signals (for example, trend or rotation rules), and the same volatility-control rule is then applied
to the selected portfolio. This adds state variables (the signals), but the price-to-demand feedback

studied here still operates.

7.2 Optimal attacks against pure target-volatility rules

To gain intuition for how volatility-managed portfolios map into the results in the rest of the paper,
this section specializes the finite-horizon single-asset dynamic program in Section 5.1 to the interior
region of a pure target-volatility methodology. In this region the exposure schedule is smooth, so the

price-to-requirement mapping is differentiable. We therefore abstract from caps, floors, and turnover
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buffers. The risky weight is the target volatility divided by a rolling realized-volatility estimate,
evaluated with an implementation lag ¢:

o* 1 Ot 'y g OMy 1

Wil = = M1 = = = St = ==
* Ot—t’ Wit o* o* oy 20%04y

(72)

Replication in the hedge instrument implies that the volatility-managed sector holds X1 = W/M; 14
and generates forced flow v;11 = X; 41 — X. Prices obey temporary impact, P; = S; + n(us + v¢), and
the attacker earns the payoff (37). The attacker harvests predictable rebalancing by trading against vy,
while also valuing trades that shift the current price because it enters future requirements and thereby
reshapes future forced flow. At an interior optimum, Proposition 3 implies the decomposition

up = —% + 2177,Ut+1 + %VtJrl, (73)
with (411, 441) defined there. The first term is the myopic harvesting benchmark from Lemma 3.
The second term reflects inventory management induced by the terminal round-trip constraint x7 =
0. The third term is the feedback motive: it values moving the current price because it shifts the rule
input and therefore changes future weights and flows. Proposition 4 expresses v, through the rule
derivatives. In a target-volatility methodology, the objects entering that chain rule are the schedule
slope, given by (72), the state update F, given by the deterministic shift associated with a rolling
window, and the statistic derivative with respect to the current print, which is available in closed
form. As a result, the manipulation motive, and hence the optimal policy, can be computed directly
from the disclosed methodology.

For Template A, the statistic is rolling realized variance computed from log returns,

P a m—1
_ t _ Wann 2
e = log<Pt_1>, L= ;0 rZ .. (74)
A minimal Markov state for the rolling window is the (m—1)-vector of past returns y; = (1¢v—1,...,7—m+1),

which updates by a deterministic shift once the new price P; pins down ;. A hard m-day window
requires tracking which returns are about to roll out. This bookkeeping is crucial because roll-off me-
chanically changes ¢ and hence next-day exposure even absent new shocks, generating predictable
components of future forced flow that the attacker can anticipate. We discuss this in the next subsec-

tion.

7.2.1 A predictable flow reversal

Fix a date j and consider a perturbation that changes r; while leaving all other returns unchanged.

Because (74) is a rolling average of squared returns, the term 7']2- enters I'; for every ¢t whose m-day

window contains j. Holding other returns fixed,

ST, = a:n 8(r3)-1{t € {j....,j +m—1}}. (75)
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The derivative drops to zero at ¢ = j+m when r; rolls out. With implementation lag ¢, this block shift
inI" generates a block of tighter applied requirements: it affects M3 whent—/¢ € {j,...,j+m—1},
ie fordatest+ 1€ {j+¢+1,...,5+ ¢+ m}, and it disappears one day later. Since forced flow
is the first difference vy = X¢q1 — Xy with X1 = W/M;4,, the rule induces a predictable entry-
exit pattern: deleveraging when the tightened block starts to apply, followed by releveraging when
it ends (shifted by the baseline one-day delay and the disclosed lag ¢). This is a distinctive feature
of hard rolling windows and a transparent instance of backward-looking procyclicality (Glasserman
and Wu, 2018; BIS, 2010; ESRB, 2020). With exponentially weighted or infinite-memory estimators,
the same logic applies, but the discrete roll-off is replaced by gradual decay.

7.2.2 The fragility of low-volatility states

The key object for manipulability is the marginal pass-through from a sampled transaction price into
next-day forced flow. In the interior region of a target-volatility rule, g(I') = v/T'/o*, so the local
schedule slope s; = ¢'(I';_/) in (72) is steepest when the measured variance I';_, is small. The linked
sector holds

w Wao*

Xt+1 — — )
Mt+1 Ft—(

which implies the volatility-managed demand sensitivity

w Wo*2 Wo*
Bt+1 = =5 = ) Bt+15t = ——a/5"
Mg, T 27%/2

The product B;11s; is the mechanical gain that maps a marginal change in the risk statistic into a
marginal tightening of requirements and, in binding states, into marginal forced rebalancing. Its
I'—3/2 scaling implies that the rule is locally most responsive in low-variance states.

The attacker does not choose I' directly; she trades to move transaction prices, which move returns
and therefore measured risk. The marginal effect of a transaction price on next-day forced flow is
therefore proportional to

Bt+1 St X 8PF
~—— —~—
pass-through into demand ~ sensitivity of the measured input to prices

For rolling-window variance, 0pI is itself largest after quiet spells: when recent dispersion is low, a
given marginal perturbation to the transaction price produces a larger marginal change in the vari-
ance estimate. Hence tranquil configurations are the most manipulable. They combine large baseline
exposure, so a given tightening translates into larger dollar flow, a steep schedule, so the same statis-
tic move generates a larger change in next-day requirements, and a sensitive estimator, so the statistic
is easier to shift. These are not crisis states in the standard sense; they are precisely the states in which
the methodology is designed to take the most risk and to react most strongly to the measured input.
In such states, a small attack that shifts the statistic can deliver high returns per unit of impact cost
once the induced reversal is harvested.

This logic is related to, but distinct from, the leverage-cycle narrative. In leverage-cycle models,
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low measured risk relaxes financing terms, balance sheets expand, and fragility follows from large
positions (Basak and Shapiro, 2001; Brunnermeier and Pedersen, 2009; Geanakoplos, 2010; Adrian
and Shin, 2010). Here the sector is indeed largest when measured risk is low, but even holding
sector size fixed, fragility is amplified by two additional channels: the requirement schedule is locally
steepest and the risk statistic is locally most sensitive to prices. These features are typically absent
from standard balance-sheet-based amplification mechanisms. This is the rule-based “paradox of
financial stability” applied to a concrete price-to-trade mapping (Borio and Drehmann, 2009; Nicolai,
2026).

For volatility-managed strategies, the point is sharper than the statement that they de-risk after
spikes: they deliberately lever up after quiet spells, and those are exactly the configurations in which
the first-order mapping from transaction prices to future forced flow is most sensitive. This is why,
in our admissibility and capacity calculations, binding constraints are often pinned down by low-
volatility, high-exposure states rather than only by conventional stress episodes. Operationally, the
test is therefore a forward-looking stress test for benign states: given a disclosed methodology and
standard impact inputs, one can quantify how close low-volatility configurations are to violating

admissibility, even when backward-looking risk measurement labels them as safe.

7.2.3 Inventory-light volatility triggering
For any calendar date j,

% _ 2@ann
oP;  mP;

(1{t—m+1gjgt}rj—l{t—mgjgt—1}rj+1), (76)

where r; = log(P;/Pj—1). The key implication is that a single transaction price P; enters two adjacent
returns with opposite signs: it increases r; and decreases r;, 1. Since I'; aggregates squared returns,
this adjacent-returns channel allows an attacker to move the volatility input using short-lived varia-
tion in prices, even if the price level is quickly restored.

To see the mechanism, consider a two-day buy-then-sell disturbance that generates returns +a on
day j and —a on day j + 1, so the price level is largely reversed over two days. Holding the rest of
the window fixed, the incremental contribution of these two returns to I'; is approximately

(51}%%@21&6{j,...,jﬁ—m—l}}—f—%@zl{te{]—i—l,...,]—i—m}}.

Both large-magnitude returns enter the rolling window, and both increase the statistic because the
mapping from returns to I'; is convex. The attacker therefore pays execution cost to create a volatility
spike, but can reverse the price level quickly, keeping net inventory small relative to the gross trading
used to generate the two returns. In the dynamic program this matters because continuation value
can be increased by shifting I' without carrying a large directional position.

This channel is distinct from standard predatory-trading logic (Brunnermeier and Pedersen, 2005;
Carlin et al., 2007; Attari et al., 2005). In those models, the order imbalance is driven by an external
balance-sheet shock, and the attacker positions ahead of, and intermediates through, a liquidation

episode whose timing and magnitude are taken as given. The limiting friction is typically inventory
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risk and funding, because profits require warehousing exposure while the distressed trader unwinds.
Here, by contrast, the ability to generate a volatility spike while keeping directional inventory small

is exactly what makes the attack cheaper and easier to execute.

7.24 The effect of rule parameters: lags, horizons and target volatilities

Disclosed target-volatility methodologies often impose an implementation lag ¢. In the dynamic
program, Lemma 4 implies that if M;; = g(I';_;), then for any ¢t > T'—1—/ a date-t trade cannot affect
any requirements, and hence any forced flows, that arrive before the terminal date. In this endgame
region the feedback motive disappears (formally, ;11 = 0 whenever the derivative in Proposition 3
exists), and the continuation problem reduces to intermediation and inventory unwind against a
predetermined forced-flow sequence, with the closed-form solution in Proposition 5. Equivalently,
the last date at which a trade can still trigger additional within-horizon forced flow is ¢, = T —2 —£.
Under the common ¢ = 1 convention in target-volatility indices, the final two dates are therefore
governed purely by harvesting and inventory unwind, with no incentive to move the statistic.
Window length m enters through the statistic Jacobian (76). A longer window attenuates the marginal
effect of any single return on I' through the explicit 1/m scaling, but it also extends the period over
which a given return remains in the window, delaying roll-off and stretching the induced reversal.
These forces shift optimal triggering earlier in the horizon and increase the value of having sufficient
remaining time to harvest the eventual exit.

The target volatility o* scales requirements through M;,; = 7;,_¢/0* and steepens the local pass-
through via s; = 1/(20%6;_,). Holding linked notional IV fixed, the resulting gain in the requirement-

to-flow channel is

Wo*
3/2°

2107,

Bii1s¢ =

which increases in o*: higher targets mechanically raise exposure and amplify the marginal flow
response to a given perturbation of the statistic.

7.3 Testing vulnerability

Fix a market state z, a linked notional W, and a disclosed methodology. These inputs pin down the
augmented symmetric cost matrix H(zW). By Theorem 1, the economy is free of dynamic arbitrage
at (z; W) if and only if H(z; W) is positive semidefinite on the round-trip subspace. This yields the
statewise capacity bound

Whnax(2) = sup {W >0: H(zW)is positive semidefinite on round trips}.
Given a stress set of states Z, we report the conservative bound
Wnax(Z) = inf W,
max( ) ;22 rnax(z)a

and the vulnerability curve, which for each candidate scale IV reports the fraction of states z € Z at
which admissibility fails, i.e. Procz[W > Wiax(2)].
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We construct Z from simulated price paths rather than from holdings or order flow. This matches
the objective: an ex ante test that can be run before a product reaches scale, using public rule in-
formation and standard liquidity inputs. The disclosed methodology fixes the mapping from recent
returns to next-period exposure; execution costs enter only through an externally calibrated impact
model under current market conditions. Appendix F details the simulation design and the impact

calibration used for the reported results.

7.3.1 Results

We implement the admissibility test for the two volatility-control templates (A and B). We consider
attacker horizons of 3, 6, and 12 months, i.e. ' € {63,126, 252} trading days. For each parameter
configuration we generate a stress set Z of | Z| = 400 simulated market states (Appendix F4). In each
state z € Z we compute the statewise capacity bound Wiyax(2), expressed in days of ADV of the risky
leg. For a candidate sector scale W, admissibility fails in state z whenever W > Wi,ax(2).

Table 1 summarizes baseline magnitudes at 7' = 126. For Template A (single-asset rule), the
conservative capacity is Wax(Z2) = 0.165 days of ADV, while the median across stress states is 0.760.
For Template B (portfolio rule), the conservative capacity is 0.125 for N = 2, 0.122 for N = 4, and
0.230 for N = 8. Vulnerability rises quickly at economically relevant scales: at W = 1 day of ADV,
the test fails in 66.8% of stress states for Template A and in 78.8% to 94.0% for Template B; at W = 2
days of ADV, failure rates rise to 94.5% to 99.5%.

To give these magnitudes an economic interpretation, note that volatility-managed strategies of-
ten implement a dynamic allocation between a liquid ETF and a low-risk asset such as cash, Treasury
bills, or a bond-like security. Khomyn et al. (2024) report that the median U.S. ETF in their sample
has an ETF turnover ratio of 2.17, where turnover is defined as annualized daily dollar volume in the
ETF’s secondary market divided by AUM. This implies a daily ADV equal to 2.17/252 = 0.86% of
net assets. Therefore, a capacity of 0.165 days of ADV implies that the volatility-managed complex
becomes manipulable once its size reaches about 0.165 x 0.86% = 0.14% of the underlying ETF’s net
assets. Likewise, a size of W = 2 days of ADV corresponds to about 2 x 0.86% = 1.72% of the under-
lying ETF’s net assets. At that scale, the volatility-managed complex is almost always susceptible to
this form of manipulation.

Figures 2 and 3 plot vulnerability curves for Template A and for Template B with N = 2, for T" €
{63,126,252}. These curves complement the worst-state bound Wi,ax(Z) by showing how failure
probability varies with sector scale. Lower target volatility, c* = 10%, increases Wyax(Z) (Table 2)
and shifts the vulnerability curve downward at a given W relative to baseline, while weaker liquidity,
c1% = 20 bps, shifts curves upward. In Template B, changes in ¢* can move the strategy in and out
of the leverage cap in a subset of stress states, so conservative capacity need not be monotone in o*
(Appendix H, Table 8). Appendix H reports Wy,ax(Z) for all scenarios and horizons (Tables 4-7) and
the corresponding vulnerability curves for N € {4, 8} (Figures 4-5).

Table 2 varies the target volatility o* and the impact calibration, expressed as the cost in bps of
trading 1% of volume, c;¢. Lowering the target to * = 10% raises conservative capacity by 25% in
both templates relative to baseline. Raising the target to o* = 15% reduces capacity in Template A,

while leaving capacity essentially unchanged in Template B with /N = 2 because higher target scaling
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Figure 2 Vulnerability curves for Template A.

Panels correspond to T' € {63,126,252}. In each panel, the curve for a given scenario plots Pr,cz[WW >
Winax(%)] across the |Z| = 400 stress states as a function of sector scale W (in days of ADV). Line types
correspond to one-at-a-time deviations from the baseline configuration: baseline (6* = 12.5%, c19, = 12
bps, lag ¢ = 1, windows {20, 60} with max aggregation, and garch_moderate); target-volatility shifts sig-
maStar_10pct and sigmaStar_15pct; liquidity shifts clpct_8bps and clpct_20bps; lag shifts ell 0 and ell 2;
volatility window restriction single_-window_20; and different GARCH models garch_iid_constvol and

garch_persistent.
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Vulnerability curves (Template B N2)
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Panels correspond to T' € {63,126,252}. In each panel, the curve for a given scenario plots Pr,cz[WW >
Winax(%)] across the |Z| = 400 stress states as a function of sector scale W (in days of ADV). Line types
correspond to one-at-a-time deviations from the baseline configuration: baseline (6* = 12.5%, c19, = 12
¢ = 1, windows {20, 60} with max aggregation, and garch_moderate); target-volatility shifts sig-
maStar_10pct and sigmaStar_15pct; liquidity shifts clpct_8bps and clpct_20bps; lag shifts ell 0 and ell 2;
volatility window restriction single_-window_20; and different GARCH models garch_iid_constvol and
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Figure 3 Vulnerability curves for Template B with NV = 2.

garch_persistent.
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Table 1 Baseline admissibility and vulnerability at horizon 7" = 126.
Winax(Z) = min,e z Wiax(2) is the conservative admissible scale (worst state in the stress set). Wy g5 is the
5th percentile of Wy,ax(2) across z € Z, and “Median” is the median of Wy, (2). Probabilities report the
fraction of stress states with Wyax(z) < W evaluated at W = 1 and W = 2, i.e., at one and two days of
ADV.

Wmax(Z) W0,05 Median(Wmax) Pr[Wmax < 1] Pr[Wmax < 2]

Template A N =1 0.165 0.293 0.760 66.8% 94.5%
TemplateB N =2 0.125 0.218 0.505 88.8% 99.5%
TemplateB N =4 0.122 0.238 0.502 94.0% 98.5%
TemplateB N =8 0.230 0.408 0.716 78.8% 96.8%

Table 2 Comparative statics at horizon 7" = 126.
Comparative statics for T' = 126: target volatility o* and liquidity ¢;¢. Entries report Wi,ax(Z); parentheses
report the ratio relative to the baseline within template.

Scenario Template A (N =1) Template B (IV = 2)
baseline 0.165 (1.00x) 0.125 (1.00x)
" =10% 0.206 (1.25x) 0.156 (1.25x)
o =15% 0.137 (0.83x) 0.128 (1.03x)
c1% = 8 bps 0.247 (1.50x) 0.188 (1.50x)
c19% = 20 bps 0.099 (0.60x) 0.075 (0.60x)

increases the incidence of the leverage cap in a subset of stress states (Appendix H, Table 8). Liquidity
shifts are close to proportional: improving impact from c;, = 12 bps (baseline) to 8 bps increases
Wiax(Z) by 50%, whereas deteriorating to c¢;o, = 20 bps reduces Wiax(Z) by 40%.

Table 3 highlights how capacity varies with horizon and selected feedback stresses. In Tem-
plate A, conservative capacity declines with horizon in the baseline case, from 0.191 at 7' = 63 to
0.081 at T' = 252, and more persistent volatility dynamics further tighten the long-horizon bound. In
Template B, diversification and cross-impact jointly matter for capacity: for N = 8 at 7' = 126, in-
creasing cross-impact from p = 0 to p = 0.3 lowers Wiy« (Z) from 0.287 to 0.209. Appendix H reports
the full grid of horizons and scenarios and provides diagnostic plots for the cross-state distribution
of Winax(2) and related quantities.

The magnitudes in these exercises imply that admissible scale is typically measured in fractions
of ADV rather than in multiple days. Conservative bounds W,.x(Z) are often around 0.1 to 0.3 days
of ADV across templates and scenarios (Tables 1 and 3). Consistent with this, vulnerability rises
quickly at economically large scales: for W € {1,2} days of ADV, the test fails in a large share of
stress states even under baseline configurations (Table 1 and Figures 2-3). A second implication is
that tail states drive supervisory risk. Cross-state medians can be several times larger than worst-state
bounds (Table 1), so diagnostics based on typical conditions would materially overstate safe capacity.
A third implication is that liquidity is first order determinant of the likelihood of success of an attack:
changes in the impact calibration c;, shift capacity close to proportionally (Table 2), so credible use
of the test requires updating the calibration as market conditions evolve. Finally, implementation

details matter: target scaling interacts with caps and other nonlinear features so that capacity need
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Table 3 Horizon and feedback-stress summary for conservative admissible scale Wi,ax(Z).
Entries are Wyax(2) = min,ez Winax(2) in ADV-normalized units. Selected scenarios are shown; Ap-
pendix H reports Wy,.x(Z) for all scenarios and horizons.

Scenario T=63 T=126 1T =252
Template A: baseline 0.191 0.165 0.081
Template A: 0™ = 10% 0.239 0.206 0.101
Template A: ¢,9, = 20 bps 0.115 0.099 0.049
Template A: GARCH persistent 0.110 0.120 0.035
Template B (IV = 2): baseline 0.158 0.125 0.115
Template B (N = 2): " = 10% 0.197 0.156 0.144
Template B (N = 2): c; = 20 bps 0.095 0.075 0.069
Template B (IV = 8): baseline 0.311 0.230 0.286
Template B (IV = 8): cross-impact p = 0 0.395 0.287 0.360
Template B (N = 8): cross-impact p = 0.3 0.281 0.209 0.259

not move monotonically with ¢* in portfolio implementations (Table 2 and Appendix H, Table 8),
and cross-impact can materially tighten capacity in diversified versions (Table 3).

8 Conclusion

Price-based risk constraints map sampled transaction prices into next-period requirements such as
margins, haircuts, leverage limits, and mandated exposures. Once these rules bind for a sufficiently
large sector, they make part of future order flow mechanically predictable. This changes the relevant
no-arbitrage benchmark. Classical no-manipulation restrictions for market impact are no longer suf-
ficient, because current trades move current prices but also change the sampled statistic used by the
rule, alter tomorrow’s requirement, and thereby reshape tomorrow’s forced trading. A market can
therefore satisfy the standard impact-side no-manipulation condition and still admit profitable round
trips.

The paper’s main result is to derive the correct no-manipulation condition for this environment
and to express it in a form that can be implemented. Theorem 1 shows that the relevant condition
must account for both the trader’s direct price impact and the predictable rebalancing induced by
the constrained sector’s rule. This yields an ex ante stress test for any disclosed mechanical strategy.
Given a rule, an impact calibration, and an assumed sector scale, the test determines whether prof-
itable round trips exist, how often they arise across states, and how large the mechanical sector can
become before those opportunities appear. Looking at one state at a time, the test gives the largest
sector size that is still safe in that particular state. Looking across the full set of states, it also gives a
single conservative safe size: the largest sector size that remains safe even in the most fragile states
we consider. The same exercise yields a vulnerability curve showing, for any proposed sector size,
the share of states in which the no-manipulation condition fails. This makes the test useful for a
regulator seeking to limit the size of a sector that employs mechanical trading rules.

We apply the test to volatility-managed indices. The relevant scales are modest. Worst-case ad-

missible scale is small relative to market liquidity, and the conservative bound is on the order of
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fractions of ADV. At a collective size of 1 day of ADV, the no-manipulation condition already fails in
between 66.8% and 94.0% of states, and at a size of 2 days of ADV it fails in 94.5% to 99.5% of states.
Public price-based rules therefore imply a relatively small safe scale, and once that scale is exceeded,
manipulability becomes a regular feature of the environment.

More broadly, the paper shows that whenever a disclosed rule maps past transaction prices into
future binding demand, market safety cannot be assessed from impact restrictions alone. One must
also account for the endogenous order flow generated by the rule itself. For mechanical strategies
that operate at scale, admissibility is therefore a joint property of the trading rule, market liquidity,
and sector size. That is the relevant object for design, supervision, and market-scale assessment. Be-
yond volatility-managed portfolios, these methods apply whenever markets are not perfectly elastic
and a significant fraction of investors follow mechanical trading rules that respond to past prices, a

common feature of modern markets.
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Internet Appendix
for

Dynamic Arbitrage from Price-Based Risk Constraints



A Constrained sector demand

This appendix formalizes how a posted requirement translates into forced order flow by a con-
strained sector. The main results use only the fact that in a binding long regime, a higher require-
ment reduces the sector’s feasible position, with a finite marginal sensitivity. Allowing constrained
investors to anticipate the update and choose targets strategically changes that sensitivity but does
not overturn the direction of the effect in binding states as shown in Nicolai (2026).

Assumption 7 (Constrained sector aggregate demand). A continuum of competitive traders i € [0, 1] has
equity E(i) > 0 and faces the feasibility constraint

|lz¢(2)| My < E(3). (77)

At date t, the sector specifies a public target exposure T, € R before the date-t requirement My is implemented.
Each trader implements the target up to the feasibility cap:

2o(i) = sgn(z) min{zt|, fﬁ)} . (78)

Aggregate constrained demand is X; = fol x4 (1) di.

The timing captures slow-moving exposure targets (index replication, mandate weights, hedges)
together with mechanical compliance with a posted requirement. The truncation form is a convenient
reduced form; the analysis only needs that X; is decreasing in M, in binding states, with a finite local

sensitivity
dX

B=-"=
dM

> 0.

Lemma 7 (Fully constrained benchmark). Suppose z; > 0 and Ty > max;cp 1) £(7)/My, so that the
feasibility constraint binds for all constrained traders. Let

W—/OlE(i)di

denote total equity in the constrained sector. Then

w dX; w
t Mtv th Mtg ( 9)
The constrained sector rebalances each period to its feasible aggregate position X;. Its aggregate net
trade is

Vs = Xt - Xt—l- (80)

When the sector is long, an increase in M; reduces feasible demand X;, so v; < 0 corresponds to
forced selling.



A.1 Partial discretion in the constrained sector

The closed-form benchmark above is useful for transparency, but the mechanism does not rely on it.
What matters is monotonicity of feasible demand in the requirement, and a local linear approxima-

tion of how requirement changes translate into forced flow.

Lemma 8. Fix equity E > 0and let V : R — R be concave. Consider the investor problem

x(M) € arg max Viz) st |z| < M > 0.
Te

U
Let " € argmax,cr V () be an unconstrained optimum. Then

x(M) = sgn(z") min{|z"|, E/M }.
In particular, if z* > 0, then x(M) = min{z", E/M} is weakly decreasing in M, and if the constraint binds
(x(M) = E/M) then dv/dM = —E/M? < 0.

Proof. The feasible set is the interval [-E /M, E/M]. If z* lies inside this interval it remains optimal.
If z* > E/M (resp. z* < —E/M), concavity implies the best feasible choice is the right (resp. left)
endpoint. This yields the truncation formula. When z* > 0, the cap E/M falls in M, so z(M) is
weakly decreasing, with derivative —E/M? wherever binding. O

Consider a continuum of long constrained investors i € [0, 1] with equity E(7) > 0 and unconstrained

targets 2% (i) > 0. Lemma 8 implies

m(i,M):min{:c“(i),E]\g)}, X(M):/le(z‘,M)di.

For each i, z(i, M) is weakly decreasing in M, hence X (M) is weakly decreasing in M. At a reference

point My, define the set of binding investors

By = {ie [0,1] : 2%(i) > Jf\z))}

Differentiating at M gives

E(@i)
X'(My)=—- | =Ldi<o.
5, M2

Lemma 9. Fix a reference requirement My > 0. Suppose X : (0,00) — R is decreasing and differentiable in
a neighborhood of My, with X'(My) < 0 and X' continuous at My. Define forced flow by

Upp1 = X (M) — X (My),
and define the local sensitivity B = —X'(My) > 0. Then, as (My, My11) — (Mo, M),
V1 = —B (M1 — My) + o(| Myy1 — M)
In particular, local forced flow depends on X (-) only through B. In the benchmark X (M) = W /M of Lemma 7,

2



one has B = W/M§.

Proof. Write AM; 1 = M1 — M,. Differentiability at M, implies
X(Mt-i-l) — X(Mt) = X/(MO)AMH_l + O(‘AMt-i-lD as (Mt, Mt+1) — (M(), MO)

Since vi41 = X(Mi+1) — X(My) and B = —X'(M), the expansion follows. For X(M) = W/M,
X'(M) = —W/M?, hence B = W/MZ. O



B Augmented no-arbitrage condition

In this appendix we provide two complements to Section 4. First, we characterize when the linear
system (I + K)g = u is well posed. Second, we derive the eigenvalue-based simplification used in
Section B.1. For a given attack path u, invertibility of I 4+ K pins down a unique induced total-flow
path ¢ and hence a unique P — S. If I + K is singular, the same u can generate multiple ¢ and thus
multiple execution-price paths; in that case the linearized profit functional is not well defined.

It turns out that timing matters. Under the baseline convention M;; = g(I't), a trade at date ¢
affects feasibility only from ¢ + 1 onward. Over a finite horizon, the resulting feedback operator K is
strictly lower triangular, so I+ K is automatically invertible (Lemma 11). Non-invertibility arises only
with within-period updating, for example M; = ¢(I't), where same-date trades can move sampled

prices and relax or tighten feasibility immediately.

Definition 4 (Margin-feedback manipulation and quasi-arbitrage). Under the usual assumptions
(i) A margin-feedback manipulation is an admissible round trip u € Ur N Ry with E[II(u)] > 0.
(ii) A margin-feedback quasi-arbitrage is a sequence {u" },>1 C Uy N Ry with E[II(u™)] — oo and

E[T(u")]
Var(IT(um))

— OQ.

This quasi-arbitrage notion is the one in Huberman and Stanzl (2004): if a positive-mean round trip

exists, scaling position size generates a sequence with diverging expected profits and Sharpe ratios.

Lemma 10. Consider the linearized feedback system (22)—~(28). For a proposed trade vector u € RT, the
induced total flow q € RT and wedge-price path P — S satisfy

(I +K)g=u, P—-S5=1q,

where I is the T' x T identity matrix, K is the loop operator in (27), and T is the impact operator. The following
statements are equivalent:

(i) I+ K is invertible on RT.
(ii) Foreveryu € RT there exists a unique g € RT solving (I+K)q = u; equivalently P—S = Z(I+K)u.
(iii) For every u € Ry there exists a unique q € RT solving (I + K)q = u.

Proof. See (Stachurski and Sargent, 2022, Theorem 6.1.14). O

Lemma 11 (Invertibility of I + K under lagged updating). Fix a horizon T and stack time-indexed paths
in chronological order as column vectors x = (xq, ..., x7_1) . Suppose M1 = g(Ty), and forced flow is the
constrained sector’s net trade v, = Xy — Xy with Xy = X (M;). Assume additionally that (i) the linearized
impact operator T is such that its T x T matrix representation satisfies I, s = 0 for all s > t, and (ii) '
depends only on prices up to date t, so its Jacobian J; s = O for all s > t. Then Kq is such that its elements

4



Kis = 0forall s > t,i.e., it is strictly lower triangular. Then I + K is invertible on RT, and

T-1

(I+K)~" =) (=K
n=0
Proof. The one-step lag operator L satisfies (Lz)p = 0 and (Lz); = x4 fort =1,...,7 —1,s0 L is
strictly lower triangular. The first-difference operator D satisfies (Dz)o = xg and (Dz); = x¢ — x4—1
fort =1,...,T —1,s0 D is lower triangular. Hence DL is strictly lower triangular. J and 7 are lower
triangular, so their product JZ is lower triangular. Since K = BsDLJZI and scalar factors do not
affect triangularity, it follows that IC = (DL)(JI) is strictly lower triangular, equivalently K; ; = 0 for

all s > t. Strict lower-triangularity implies that the T-th power vanishes: X7 = 0. Hence

I+K)) (-K)"=1-(-K)" =1,

n=0

so I + K is invertible with inverse given by the displayed finite sum. This is the finite-horizon case
of the Neumann-series identity; see (Stachurski and Sargent, 2022, Theorem 1.2.5). O

This proves lagged margin adjustment automatically guarantees invertibility. We then proceed to

show that contemporaneous margin adjustment can destroy well-posedness.

Theorem 3 (Singular feedback with instantaneous updating). Consider the linearized system (22)—(28).
(I+K)g=u, P-S=1q.

(i) Lagged updating implies automatic well-posedness. Under the timing M,y = g(I'y), I + K is
invertible on RT (Lemma 11).

(ii) Instantaneous updating can generate singularity and non-uniqueness. If within-period depen-
dence My = g(T';) is allowed, let K° denote the corresponding feedback matrix, so the fixed point becomes

(I+K%q=u, P—-S=1q.

Invertibility of I + KO is no longer automatic. If I + K is singular, then even at u = 0 the induced flow
path is not uniquely determined, so the wedge path P — S and the induced execution-price path are not
single-valued functions of u. Realized profit is undefined.

(iii) Near singularity implies large amplification; failure of the sign test yields quasi-arbitrage. If
I + K is invertible, then

1
sup |[(T4+K)ulla = |(T+K) 7Y = ————,
s (4Kl = 1040 =

and the same identity holds with K replaced by K° whenever I + K is invertible. Hence if omin(I + K)
converges to zero while invertibility is maintained, arbitrarily small inputs can generate arbitrarily large
induced flows, and therefore arbitrarily large price responses.

5



Moreover when H is not semipositive definite, there exists a margin-feedback quasi-arbitrage in the sense
of Definition 4(ii).

Proof. Part (i) is Lemma 11.
For part (ii), if I + K is singular, choose gy # 0 such that
(I4+K%q =0.
Then at u = 0, both ¢ = 0 and ¢ = ¢g solve
(I +K%q = u,

so the induced flow path is not unique. It remains to show that the price path is not unique either.

Zqo cannot be zero, since if Zgg = 0, then we also have K¢y = 0, hence
(I + K490 = qo,
which contradicts gy # 0. Therefore Zqy # 0, so
P-5S=1q

is not uniquely determined even at u = 0. Since realized profit is computed from the induced
execution-price path, it is not well defined.

For part (iii), for any invertible matrix A4,

1
sup [|[A7 ully = |47 |o = .
s 47l = 147 =
Applying this with A = I + K gives
1
sup ||(T+K)tula=|(T+K) o= ——FF—,
s 0Kl = I+ K e = s

and the same argument applies to A = I 4+ K° whenever I 4+ K° is invertible. Hence, if onin (I +K) | 0
while invertibility is preserved, the worst-case gain of the feedback map explodes: arbitrarily small
inputs can generate arbitrarily large induced flows, and therefore arbitrarily large price responses.
Finally, if H is not positive semidefinite on R, there exists ug € R such that

ugHuo <0.

Choosing the admissibility bound large enough so that ug € Uy N R, the quadratic profit formula
(31) yields
1 -~
E[II(u)] = —§u§Hu0 > 0.

For n > 1, let u™ = nuy. Since the induced wedge path is linear in u, expected profit scales quadrati-

6



cally:

E[[I(u™)] = —% T Fu™ = B[ (uo)).

By Lemma 1, the only random part is the unaffected-price term, so

Var(IL(u")) = n®Var(ug S).

Therefore P I
nen) o EMw)
Var(Il(u")) Var(ug S)
This is exactly the quasi-arbitrage conclusion in Definition 4(ii). O

Part (iii) uses the standard quasi-arbitrage notion of Huberman and Stanzl (2004). The result im-
plies that once the sign condition fails, there exists a round-trip up whose expected profit is positive,
and scaling that same trading pattern up produces a sequence of admissible round trips v = nug
whose mean profit grows like n? while the only random component, the unaffected-price term u"' S,
has standard deviation that grows only like n. The Sharpe ratio of the scaled round trip can be made
arbitrarily large, which is exactly the sense in which Definition 4 calls the configuration vulnerable
to margin-feedback quasi-arbitrage.

B.1 Eigenvalue tests

Theorem 1 says that manipulation is ruled out if the quadratic form u! Hu is nonnegative for every
round trip u € Ry. In practice it is useful to compress this into a single number: the worst-case value
of u Hu over unit-norm round trips (Boyd and Vandenberghe, 2004, Section A.5.4).

Theorem 4. Under the assumptions of Theorem 1 and with H as in (30), define

min

ARG (H) = inf {u Hu s we Ry, Jlull =1}

Then H is positive semidefinite on R if and only if )\ﬁiTn(ﬁ ) > 0. Equivalently, with Q = —%ﬁ ,

ARL(@) =sup {uTQu: e R, Jul =1} <o0.

The same statements hold in the multi-asset model after replacing Ry by Ry and H by H.

Proof. 1f His positive semidefinite on R, then u' Hu > 0 for every unit-norm u € Ry, so the
infimum over that set is nonnegative, that is, ART (H) > 0. Conversely, if ART (H) >0, then " Hu >

min min
0 for every unit-norm u € Ry, hence H is positive semidefinite on Rr. The reformulation in terms of
Q= —%f] follows directly from u Qu = —% u' Hu. O



C Robustness to nonlinearity

Theorem 1 is obtained by linearizing (I, g, X') around a binding configuration. This appendix shows
that, under local smoothness and away from kinks, if the test fails then the exact nonlinear feedback

system admits a genuinely profitable sufficiently small round trip.
Lemma 12. Fix a binding reference configuration (z, W). Assume:

(i) The map from transaction prices to the statistic I', and the update maps g and X (-), are twice continu-
ously differentiable in a neighborhood of the reference point.

(ii) Locally, no piecewise component switches regime (caps, floors, kinks), as in Assumption 6(ii).
(iii) I+ K(z; W) is invertible.

Then there exists p > 0 such that for any deterministic strategic order vector U with ||U|| < p, the exact
nonlinear feedback system has a unique induced total-flow path q(U) and hence a unique wedge-price path
AP(U) =Zq(U). Moreover, q(-) is differentiable at U = 0 and

Dq(0) = (I + K(z W)~

Proof. Given a candidate total-flow path ¢, wedge prices are AP = Zq. Feeding the implied transaction-
price path through the exact rule (16)-(17) and the exact demand map X (-) delivers the constrained-
sector position path, and first differences deliver forced flow. Denote this exact forced-flow mapping
by v = ®(q). Then

q=U+ ®(q).

Under (i) and (ii), ¢ is continuously differentiable near the reference point and satisfies ®(0) = 0. Its
derivative at the reference point is D®(0) = —K(z; W). Define

F(q,U)=q—-U - ®(q).

Then 9,F(0,0) = I + K(z; W), which is invertible by (iii). The implicit function theorem gives local
existence and uniqueness of ¢(U) for ||U|| small. Differentiating F'(¢(U),U) = 0 at U = 0 yields
Dq(0) = (I +K(z;W))~L. O

Proposition 9 (A violated test implies a genuinely profitable small round trip). Fix (2, W) and impose
the assumptions of Lemma 12. Suppose the linearized test fails: there exists a deterministic round trip direction
U in the relevant round-trip subspace (that is, U € R in the single-asset case, and U € Ry in the multi-asset
case) such that

UTH (W)U < 0.

Then there exists € > 0 such that for every € € (0, €) the exact nonlinear model admits the scaled round trip
U¢ = eU (and it is admissible for ¢ small), and this trade has strictly positive expected profit:

E[II(U*)] > 0.

8



Proof. Fix U with UTH(z W)U < 0 and consider the scaled round trip U¢ = €U. On any round trip,
the unaffected-price component contributes zero in expectation (Lemma 1 in the single-asset case and

Lemma 2 in the multi-asset case). Expected profit is therefore pinned down by the execution wedge:
E[II(U?)] = — USTAP(U?) = — U " Zq(U?).

Lemma 12 implies that the induced total-flow map ¢(-) is differentiable at the reference point, with
derivative Dq(0) = (I + K(z;W))~!. Hence, for ¢ small,

q(U%) = (I + K(z;W))~U® + o U?|)-
Substituting into the profit expression gives a second-order expansion:
1 ~
E[I(U9)] = = U "Z(I + Kz W)U + o(|UF|*) = —5 U H (2, W)U® + o |[U7|]?),

where the last equality uses (30). The leading term equals —1 2 U H(z; W)U > 0, so it is strictly
positive and of order £2. The remainder is negligible relative to 2 for sufficiently small €, hence there
exists £ > 0 such that E[II(U¢)] > 0 for all ¢ € (0,&). Admissibility holds for ¢ small because U* is
deterministic (hence predictable) and its per-date magnitudes scale linearly in ¢ (Definition 3 and its

multi-asset analogue). O



D Proofs and derivations for Section 5

D.1 Stochastic dynamic program (state augmentation and conditional expectations)

Sections 5.1-6.1 work conditional on a deterministic unaffected-price path so that the Bellman re-
cursion is deterministic on the state vectors used there. This subsection records the corresponding
formulation when the unaffected price is stochastic.

Let (F;)[__, be the filtration from Section 2 and maintain the discrete-time predictability con-
vention: wu; is F;_j-measurable for t = 0,...,7 — 1. Suppose the unaffected price is driven by a
Markov state Z; that is F;_;-measurable (for example, Z; = S;_1 when (S;) is Markov). Augment the
main-text state by this driver:

St = (8¢, 2Zy).

Given 5; and an action u; € U;(x), the next state 5,41 is determined by the same accounting identities
as in (38) (single asset) or the display defining 7 in Section 6.1 (multi asset), together with the Markov
update Z;11 = ®(Z;, e441) for iid. innovations (g¢41).

The stochastic value function is

T—1
YZ(E) = sup E ZWT(ET,uT) 5 = §] , (81)
(UT)Z;tl T=t
and the Bellman recursion is
Vi(3) = ug&?ﬁ;) {Wt(ga u) + E[‘Zﬂ(gtﬂ) |5e =5, uw = U} } ; (82)

with the terminal condition Vi (3) = 0 if 27 = 0 and —oc otherwise.

At an interior optimum, and under regularity conditions justifying differentiation under the con-
ditional expectation, the within-period first-order conditions take the same form as in Propositions 3
and 7, except that the shadow values are conditional expectations of next-period marginal values.

For the single-asset problem, define

- 3 d ~ )
P11 = E[athH(SHl) | 31, Ut*] ; Vit1 = E[dPtVZH(StH) | 51, Uf] ;

then the Euler equation is 7(2u; + v¢) = 41 + nvi41. For the multi-asset problem, with
1 = E[VoVia o) 5 i ] vens =E[VR Vi Gi) |5, 0],

the Euler equation is A(2u} + v;) = per1 + Aviya.

D.2 Proof of Proposition 3

Proof. Fix s; and write s¢y1(u) = T (s¢,u). Let g1 (u) = 0xVig1(se41(w)), veg1(u) = C%WH(SI‘/H(U)),
where dipt denotes the total derivative through all components of s;;; that depend on P; under the

transition map. Evaluate these at © = wu} and denote the resulting values by ;11 and vy 1. The
p t g y

10



Bellman objective at date ¢ is m;(s¢, w) + Vig1 (T (s¢, w)). By (37), Oymi(se, u) = —n(2u + v¢). Under the
stated differentiability conditions, u enters 7 (s, u) only through x; = z: + vand P; = S; + n(u +
vt); all other next-state components in (38) are functions of these and predetermined objects in s;.
Therefore, by the chain rule,

d driiq d

dP,
%VtH(T(StaU)) = 0:Viy1(se41) - 0 T dTDtVtH(StH) ' CTut = fhe1 + My,

evaluated at u = u}. At an interior optimum,

d *
0=— [Wt(sm u) + Vi1 (T (st U))] = —n(2uf + vt) + p1 + M,

du u=uy

which gives (44) and hence (45). Finally, (46) follows from Lemma 3 and the identity

1
up + % = %(NtJrl + 1),

which is obtained by rearranging (44). O

D.3 Proof of Corollary 1

Proof. Since 0 € U;(x;) by assumption, v = 0 is an admissible deviation in (41). If v, = 0, then
Lemma 3 gives m;(s¢, u) < 0 = m4(s¢,0) for all u. Optimality of u} in (41) implies

Wt(st’ u:) + V;‘/+1(T(5ta u?)) > ﬂ-t(stv 0) + ‘/;5+1(T(Stv 0)) = %+1(T(Stv O))’

so if uy # 0 then the continuation term must strictly outweigh the contemporaneous loss (s, uy) <
0. Under the conditions of Proposition 3, setting v; = 0 in (45) yields the stated reduction. Finally, if

pe+1 = 41 = 0 at an interior optimum, then (45) gives u; = —uv;/2. ]

D.4 Proof of Corollary 2

Proof. From (45), uf = —v¢/2 + xt+1/(2n). If v; # 0, then ujv; > 0 is equivalent to

v
JU XL S0 e Xt+10 > 107,
2 2n

which holds if and only if sign(x¢+1) = sign(v¢) and |x¢+1| > n|ve|. For (ii), the payoff identity (46)
implies
1

n
Wt(stauf) = ZUtQ - @X%—Ha

which is negative if and only if |x;41]| > n|ve. O

11



D.5 Proof of Proposition 4

Proof. View V;4, as a differentiable function of the next state

St41 = (@Tig1, Yo, Py Myp1, Xig1, Xy).

When differentiating with respect to P;, the component z;,1 = x+ + u; is fixed. The components that

depend on P, are y;1 = F(y, P;) and (M4, X¢+1), where

%%
M1 = g(Iy), Iy =Ty, Pr-1, Pt), Xip1 = Moy
By the chain rule,
d
Vil = dTDtVtH(StH)
0 dM, dX
= O0nVisa (o) + (TVir(s000) - Gt + Vi (sen) - S+ OxVisa(sunn) -

Since y;+1 = F(yt, P;), we have %ﬁtl = OpF(yt, P;). Moreover,

dMyiq ,

——— =g¢g (I'y) op’ P11, P).

P, g( t) P (yt, t—1, t)
Finally, X;,1 = W/M;,, implies
dXpp1 W dMi B dMiq
dP; M2, dP, AP,

Substituting the last two displays into the expansion for v and grouping the (0as, 0x) terms yields

dMyq
dP, ’

Vir1 = 0pVig1(se1) + (VyVira(ses1)) - OpF (ye, Pr) + (Om Vi1 (se41) — Biy10x Vi (se41))

which is (48) after inserting the definition (47). O

D.6 Proof of Corollary 3

Proof. The decomposition (48) is a sum of three terms. The only term that depends on (g,I") is the
last product Ay19'(T'4)OpT (yt, Pi—1, P;), so it vanishes when either factor ¢/'(T';) or OpT'(y:, Pi—1, P;) is

zero. The sign claim follows directly from the same product representation. O

D.7 Proof of Lemma 4

Proof. Fixt > T —1— /(. Forany 7 € {t+1,...,7 — 1} we have M, = g(I's_;_y) with7 —1 — ¢ <
T—-2—-(¢<t—1,s0 M, (and X; = W/M,) depends only on prices up to date t — 1 and is fixed at time
t. Hence the within-horizon forced flows (v;y1,...,v7_1) are predetermined at time ¢ and cannot
be influenced by actions (ut,...,ur—1). Once this sequence is fixed, no constraint or payoff from

date ¢ + 1 onward depends on P;, so Vi41(s¢+1) is locally constant in the P; direction and 441 = 0

12



whenever the derivative exists. For the last-trigger-date claim, if t <7 —2 —/thent+/+1<T -1,
so I'y enters M; 1,1 = g(I';) within the horizon and can affect forced flow. If t > T'— 1 — ¢, the first
part shows that no within-horizon requirement (M1, ..., M7_1) depends on I';. O

D.8 Proof of Proposition 5

Proof. When future forced flows are exogenous, the continuation objective from date ¢ is

T—1 T—1
2
max - —1 g (uT + uTvT) s.t. g Ur = —T¢,
(u"')‘r:t =1 =1

where the constraint is equivalent to 7 = 0 given z;41 = z; + u;. The objective is a strictly concave
quadratic and the constraint set is affine, so the maximizer is unique. Introduce a Lagrange multiplier
A on the inventory constraint. The Lagrangian is

T-1 T—1
L= —nZ(uz—}—uTvT) + A (ZUT-}-CCt) .
T=t 7=t

The first-order condition for each 7 is

A
*27]U7*T]U7—+)\:O — UT:*Uf%»—
2 2n
Summing over 7 = ¢,...,T — 1 and imposing Ez:tl ur = —x; yields
1 ! n — A '[_)t T
- Ur = —X —_— == - —,
2 £ 2 ! M 2 n

which gives (49).
To obtain the value, use Lemma 3 date by date:

2
it 1) = (e )"+ 2

Under (49),
.Ut Ty

R T

which is constant across 7. Therefore
= N U a2 77T7 v a2
h 2 _ 2
vi=2 {4”7‘ (5-%) ] =i -m(y-7)
T=t T=

Expanding the last square and using .7 "' (v, — 7)) = 3.7 v2 — n#? yields (50). O
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D.9 Proof of Corollary 4

Proof. The first display is exactly (50). If v, = ¢, then 5; = cand 3._' (v, — ©;)? = 0, so (50) gives

vparv = naie — 127, Equation (49) yields uf = —%(c —¢) — & = —Zt for all 7. Finally, if z; = 0 then

ur = 0and Vv = (. O

D.10 Proof of Corollary 5

Proof. Under the stated forced-flow path, o, = 2 "7~ v; = v/n. Applying (49) with z; = 0 gives,
forr=¢,...,T -2,

and for7 =T — 1,

uk_, = 1(v E)— n_lv
=17 "9 n/ on

Since v < 0, the terminal trade is positive. Finally, with z; = 0, Corollary 4 gives V;"@V = 1 ST o, —
;). Here there are n — 1 terms equal to (0 — v/n)? = v?/n? and one term equal to (v — v/n)? =

v2(n —1)%/n?, so

— v? n—1
52 — 1 C1)2) = D2
> = = (=) = 17) =
which yields the stated value. O

D.11 Proof of Proposition 6

T-1

Proof. The objective is a strictly concave quadratic in (u,);_; and the constraints define a nonempty

compact convex set under feasibility, so a unique maximizer exists. Introduce a multiplier A on the
inventory constraint and multipliers o, 5, > 0 on the lower and upper bounds. The Lagrangian is

T-1 T-1 T-1 T-1
L= —n Z(Ug— + uTUT) + A (Z Ur + xt) + Z aT(UT + ﬂ) + Z ﬁr(ﬂ - UT)-
T=t T=t T=t T=t

The KKT conditions imply, for each 7,
—2nur — Uy + A+ a, — B =0, ar(ur +a) =0, Br(a —u;) =0,

together with a,, 3, > 0, —u < u, < %, and the equality constraint Zfz_tl u, = —x;. These conditions

are equivalent to the pointwise form

. Uy A
ur = clip_g 4] <—2 + 277) .

Setting c¢; = A\/(2n) yields (51).
It remains to justify that ¢; can be chosen to satisfy the inventory identity. Define the continuous,
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nondecreasing function

clip_g,q) —+c
- Y etinca(-5 +0)

Feasibility implies —z; € [—(T—t)u, (T'—t)u], while ®(¢) - —(T—t)uasc — —occand ®(c) — (T'—t)u
as ¢ — +o0. Hence there exists ¢; with ®(¢;) = —z;, and the corresponding (u}) satisfies the equality
constraint. If [uf| < @ for some 7, then in a neighborhood of ¢; the term clip|_g 5)(—v#/2 + ¢) is locally
equal to —vz/2+c and thus varies strictly with c. Therefore @ is strictly increasing at ¢;, which implies
that the equation ®(¢) = —z; has a unique solution; hence ¢; is unique. If all bounds bind, then & is

locally flat at ¢; and the multiplier (hence ¢;) need not be unique, even though (u}) is unique by strict

concavity.

Finally, if no bound binds at the optimizer, then clip[ @ . is the identity and stationarity gives
u* = —v, /2 + ¢; with a common offset ¢;. Tmposing S>2_u* = —x; yields ¢; = /2 — x4/ (T — 1),
which recovers (49). O
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E Proofs for Section 6

This appendix collects proofs and technical details for Section 6.

E.1 Pseudoinverse and projections when A is p.s.d.

Let A € RV*YN be symmetric and positive semidefinite. Denote by Af the Moore-Penrose pseudoin-

verse and define
Iy =ATA = AAT,

the orthogonal projector onto Range(A); see Boyd and Vandenberghe (2004, Appendix A.5.4).
Lemma 13. For symmetric and p.s.d. A and 114 as above:
1. Forall z € RN, 2T Az = (T142) " A(T1 42).

2. For any w € Range(A), the solution set to Az = wis {ATw +n : n € ker(A)} and every solution
satisfies 2T Az = w' ATw.

Proof. These are standard properties of the Moore-Penrose pseudoinverse and the associated orthog-
onal projectors for symmetric p.s.d. matrices; see Boyd and Vandenberghe (2004, Appendix A.5.4
and Example 4.5). O

E.2 Proof of Proposition 7

Fix t and s;, and let u} be an interior maximizer in (64). Write the date-¢ Bellman objective as
U(u) = m(se,u) + Vi1 (T (s¢, ).
Step 1: first-order condition. Under (60) and symmetry of A4,
Vaumi(se,u) = —A(2u + vy).

The control enters the continuation state through z;,1 = x; + v and through the current print P =
St + A(u + vy); all other next-state components depend on v only through P;. By the chain rule,

Oz +u d Oh
s + u) + Vi (sie1) - = = s + Avia,

YVt (T(su) = VaVera(ses1) - — - dP, du

where p41 = Vi Vit (si41) and vy = %‘/t_t'_l(St_A'_l). At an interior optimum, V,, ¥ (u}) = 0, hence
—AQ2uy + ) + prey1 + Avepr =0,

which is (67).
Step 2: decomposition. Since A may be singular, (67) identifies u; only up to additions in ker(A).
Choose the canonical representative with uj € Range(A), so Il 4uf = u}. Multiplying (67) by A' gives

LA (2u) +vp) = Al pir + Mavig.
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Using linearity and ITsu; = u}, we have
IT4(2uf 4 ve) = 2u) + M g0y,
hence
2uy = —I v + Alpgq + vy,

which is (68).
Step 3: payoff identity. By Lemma 5,

1 T 1 1
T (s, ul) = —v, Avy — (u? + %) A(uf + %) = thTAfut — S (2uf +vp) T AQ2uf + vy).

4 4

Using (67), A(2uj + v¢) = py1 + Aveyr € Range(A). By Lemma 13(2) (see Boyd and Vandenberghe
(2004, Example 4.5)),

(2u} +vr) AU+ ve) = (g + Avegn) T AN (g + Aviga).

Substituting yields (69).

E.3 Proof of Proposition 8

Fix (s¢,u¢) and let s;11 = T (s¢,ut). In the transition map, P; enters the next state directly as the
lagged price component, and it also affects (y¢y1, Mit1, Xe+1) Via yer1 = F(yt, Pr), Mey1 = g(I'y), and
Iy =T(y, P—1, P;). Let vy = dipt‘/ﬂrl(sﬂrl)' By the multivariate chain rule,

10X 1
OP;

oM,
vir1 = 0pVis1(si1) + (O F (yr, Pt))TVyVZH(StH) + O Vi1 (se41) 8_;:1 + VxVig1(st+1)

Since Mt+1 = g(Ft) with Ft = F(yt, Pt—la B),

OM; 41

ap, = QI(Ft) 8pf(yt, P_q, Pt)

Also, Xi+1 = (W/M;11)b, so gﬁii = — By11 and therefore

0X
Pl = B g (T) 9pT(ye, P, B2) T
0P,
Substituting implies
TOXip1 T /
VxVig1(st41) ap, —(By1VxVigi(ser1)) ¢ (Tr) OpL (yt, Pi1, Pr),

so grouping the ¢/(I';)OpI terms yields (71) with A, defined in (70).
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E.4 Proof of Theorem 2

Assume the rule is portfolio marked in direction d as in the theorem statement. Let W = span{b, d}
and write B = [bd] € RV*2, Define the 2x2 Gram matrix G = BT AB and let GT be its Moore-Penrose
pseudoinverse.

For any u € RY define IT)yu as the minimizer of

in(u—w) A(u — w).
gé%(u w) ' A(u — w)

Writing w = Be, this is the convex quadratic problem

min (v — Be)" A(u — Be).
ceR?

A standard pseudoinverse solution (Boyd and Vandenberghe, 2004, Appendix A.5.4 and Example

4.5) yields the canonical minimizer
& =G'BT Au, yyu = Be* = BGTBT Au,
so IIyyu € W. By optimality, the residual v — IT)yu is A-orthogonal to W, i.e.
w! A(u — yu) = 0 forall w e W. (83)
In particular, taking w = b and w = d gives
b Ayu =b"Au,  d'"Alwu=d" Au. (84)
Moreover, (83) implies the Pythagorean identity
u' Au = (Thyu) " A(Thyu) + (u — Thyyu) T A(u — Myu), (85)
so the projection weakly decreases the A-norm:
(Iyyu) " A(yu) < o' Au. (86)

Fix any admissible round trip (u;)!_,' for the relaxed problem (terminal constraint z7 = 0 and
no per-date bounds). Define the projected strategy u; = II)yu; for each t. Linearity of Iy implies
Zz:_ol uy = Iy ZtT:_Ol uy = 0, so (i) is also a round trip. Let z; = d' P; denote the marked print. We
show by induction that z; is identical under (u;) and (4;). Att = 0, vo = X¢ — X_; is pinned down
by the initial conditions and is the same under both strategies. Assume the histories (2o, ..., 2-1)
coincide. Because the rule is portfolio marked, (zo, ..., z,—1) implies the same (y, M;, X;) and hence
the same predetermined forced flow v; = X; — X;_; under both strategies. Under (59),

2t = dTSt + dTA(ut + Ut).
Using (84) with u = u; gives d" Ad; = d" Auy, hence z; is the same under both strategies. This closes
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the induction. Consequently the requirement and forced-flow sequences coincide under (u;) and

().

Because v; is unchanged, compare profits period by period:
m(u) = —u' A(u+v) = —u' Au—u' Av,.

Since v; € span{b}, the interaction term depends on u only through b" Au. By (84) with w = b,
this interaction term is preserved when replacing u; by ;. By (86), the direct impact loss weakly
falls: @, Aty < u, Aug. Therefore m;(i;) > m(u;) for each ¢, and summing yields weakly higher
total wedge profits. Thus, from any admissible strategy for the relaxed problem we can construct
another admissible strategy trading only in WW = span{b, d} that attains weakly higher total expected
wedge profits. Hence the supremum value is unchanged under the span restriction, and if attained
an optimizer can be chosen in W. Finally, once u; € W and v; € span{b}, all quadratic wedge terms
depend on A only through its restriction to WV, equivalently through the Gram matrix G = BT AB
with entries b' Ab, bT Ad, and d" Ad.

E.5 KKT conditions under the /; per-date trade bound

This subsection records the first-order conditions for the constrained one-period maximization in
(64) when the ¢; constraints bind. Fix ¢t and s; and assume V;,; is differentiable at the relevant
continuation state. Let

Gi(u) = m(se,u) + Viga (T (51, u)).

Its gradient is
VuGi(u) = =A2u + ve) + peg1 () + Aveg (u),

where pi11(u) = ViVig1 (T (s, w)) and viy1(u) = Vp,Vig1 (T (s¢,u)). The feasible set is the intersec-
tion of two ¢; balls,
fully <@, |zt ull, < (T —1-1t)u.

A (possibly) binding optimum u} admits multipliers \;, x; > 0 and subgradients (; € 0 ||u}||,, &7 €
0 ||zt + uj||; such that

0 € VuGe(up) + M G + K, (87)
M (il = @) =0, (o + ufy — (T — 1~ t)@) 0. (58)

Here 0 |||, is the standard ¢; subdifferential: componentwise, (; = sign(z;) if z; # 0 and ¢; € [—1, 1]
if z; = 0. Equation (87) reduces to the interior Euler equation (67) when both constraints are slack.
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F Volatility-managed funds

Volatility-controlled (risk-control, target-volatility) indices publish a deterministic exposure rule: given
recent realized returns, they set the next-day risky exposure, typically subject to caps, floors, and
implementation lags. When these indices underlie structured products and index-linked annuities,
dealer replication turns the published rule into mechanical hedging flow in the underlying. This is

exactly the environment the linearized admissibility condition in Theorem 1 is meant to evaluate.

F1 Institutional setting

Volatility-controlled indices are widely used as underlyings for retail structured products and insur-
ance wrappers. In these contracts the payoff is indexed to the published index level, so the issuer or
insurer must replicate the index exposure to hedge its liabilities. The market is relatively large: U.S.
retail annuity sales were on the order of hundreds of billions of dollars in 2024, and fixed indexed
annuities (FIAs) are a major and growing segment (LIMRA, 2025; American Academy of Actuaries,
2026b). Index providers explicitly design and license risk-control indices for product embedding,
including structured products and indexed investment products (MSCI, 2020, 2021; S&P Dow Jones
Indices, 2025). MSCI also documents a broad set of U.S. indexed annuities (FIA /RILA /TUL) that ref-
erence MSCI indexes, illustrating how index methodologies translate into balance-sheet exposures
(MSCI, 2025). Regulators treat the index rule and crediting methodology as core disclosures for
index-linked annuities (Securities and Exchange Commission, 2024).

F1.1 From rulebooks to trading flow

Three parties map the disclosed rulebook into trading flow relevant for our admissibility test.

1. Index sponsor and calculation agent. The sponsor specifies the methodology (sampling conven-
tion, volatility estimator, exposure rule, caps/floors, fees, and any lags) and publishes the offi-
cial index level. These documents pin down the feedback map from prices to next-day exposure
(MSCI, 2021; S&P Dow Jones Indices, 2025; BlackRock, 2023).

2. Issuer/insurer. The issuer sells a contract whose payoff references the index level (structured
note) or credits interest using an index-linked option (FIA/RILA). The liability is therefore in-
dexed to the rule (American Academy of Actuaries, 2026b; Securities and Exchange Commis-
sion, 2024).

3. Dealer replication and hedge instruments. Replication is implemented in futures, ETFs, swaps,
and cash. When the index rebalances, replication requires trading these hedge instruments.
Conditional on the published rule, the direction and timing of the flow are mechanical.

F1.2 Single-asset versus multi-asset indices

Most marketed designs share a common architecture: a reference portfolio and a cash account, with a

volatility-control constraint that scales exposure to the reference portfolio to target a stated risk level
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(MSCI, 2021; S&P Dow Jones Indices, 2025, 2021a; Bloomberg Index Services Limited, 2025). They

differ mainly in the construction of the reference portfolio.

e Single-underlying (Template A). The reference portfolio is a single parent index. The risk-control
rule varies the weight on the parent index versus cash as an inverse-volatility function of a
rolling volatility estimator (MSCI, 2021; S&P Dow Jones Indices, 2025).

* Multi-underlying, fixed basket (Template B). The reference portfolio is a fixed multi-asset basket
(often equity and rates, implemented with ETFs or futures), and the rule scales the basket ver-
sus cash to hit a volatility target (S&P Dow Jones Indices, 2025; BlackRock, 2023).

* Multi-underlying, signal-driven basket (Template C). The reference portfolio is itself rule-based and
time-varying (e.g., rotation, momentum/trends), and a volatility-control rule then scales the
resulting portfolio versus cash (J.. Morgan, 2015; BNP Paribas Indices, 2025; UBS Investment
Bank, 2025).

We focus on Templates A and B.

F2 Formulae and timing conventions

Our baseline formulas are taken from public index methodology documents and representative of-
fering materials for structured products and annuity crediting options. Methodologies specify the
estimator, caps/floors, turnover buffers, fees, the cash component, and the calculation day. Disclo-
sure documents typically restate the same mechanics and, importantly for our timing, make explicit
the lag between volatility measurement and exposure implementation (MSCI, 2024; S&P Dow Jones
Indices, 2021b; BlackRock, 2023; Barclays Bank, 2021; Morgan Stanley, 2025).

F2.1 Template A: single-underlying daily clipped target-vol

The single-underlying template allocates between a parent index (e.g., MSCI World Index) and cash.
Let B; be the parent index level used for the rule, sampled once per business day, and let r; =
log(B¢/B;—1) denote the daily log return used for volatility estimation. An annualized realized
volatility estimate is constructed as a function of recent returns. For example, MSCI computes a short-
horizon realized volatility and a long-horizon realized volatility using equally weighted daily gross
total returns and sets Parent Index volatility as the maximum of the two (with NV = 20 and N = 60
trading days) (MSCI, 2024). S&P documents an analogous structure, allowing simple-weighted or
exponentially weighted volatility and using the maximum of short- and long-term estimates (S&P
Dow Jones Indices, 2021b). Given a target volatility o*, the exposure to the parent index is set as a

ratio of target to estimated volatility, subject to a maximum leverage cap Lmax,

o*
Ly = mln{LmaX7 = } ,

Ot—¢

with the residual weight 1 — L; allocated to a cash component (and, when L; > 1, borrowing costs ap-

plied to the leveraged portion). The lag ¢ is explicit in some rulebooks and disclosures. For instance,
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MSCI determines index leverage for an effective date using volatility estimated two trading days be-
fore the effective date and applies a turnover buffer so leverage is updated only when changes exceed
a threshold (MSCI, 2024). Representative offering documents for risk-control underliers also describe
a two-day lag between leverage-factor calculation and implementation and disclose the leverage cap
(e.g., 150%) (Morgan Stanley, 2025; Barclays Bank, 2021).

F2.2 Template B: multi-underlying risk-control

In the multi-underlying template, the reference portfolio is a basket of tradable constituents, and
the rule scales the basket versus cash to track a volatility target. The basket composition is fixed
and only the overall risk budget varies. Formally, let P, € RY denote the vector of constituent
price levels used for index calculation (sampled once per business day), and let d € R" be fixed
risky-basket weights. The reference-basket return is r{ef = d"r, where r,; are constituent returns.
The rule computes a realized volatility estimate &, from the history of r**! (or an equivalent basket-
level statistic) and sets a scalar leverage factor L; as above, subject to caps/floors and a lag. The
resulting risky weights are w; = L:d, and the cash weight is the residual 1 — 1Tw;. A concrete
industry example is the BlackRock Adaptive U.S. Equity Index Series, which specifies a universe of
ETF constituents (including an equity ETF and Treasury ETFs) plus a cash constituent, calculates
index levels from constituent closing prices, and applies constituent weights with an explicit one-
business-day lag (BlackRock, 2023). The methodology also documents rounding conventions for
weights and an excess-return index return calculation relative to an interest rate and an index fee
(BlackRock, 2023).

F2.3 Timing conventions

Three timing details matter for the no-arbitrage and stress-test computations.

1. Methodologies commonly use end-of-day closing prices to compute index levels and the statis-
tics entering the rebalancing rule (BlackRock, 2023).

2. Many designs implement leverage and weights with a one- or two-business-day lag. This lag
is explicit in methodology documents (MSCI, 2024; Morgan Stanley, 2025).

3. Caps, floors, turnover buffers, rounding, and exchange-holiday conventions create kinks and
discrete updates (MSCI, 2024; BlackRock, 2023).

E3 Derivatives and construction of the admissibility test

An index methodology gives a deterministic rule from recent returns to next-day risky weight, in-
cluding caps, floors, and any implementation lag. We provide the map with the terms used in the

paper.
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E3.1 (I',g)ands=¢'(I")

For a standard target-volatility rule,

*
. o 1
wiy1 = clip (wmin7 Wmax, = ) ; My = ; (89)
Ot—¢ Wi+1

with 5, = \/T;. Many methodologies add a turnover buffer: the weight is held fixed unless the raw

update exceeds a threshold 7,

; raw
raw 1 ) o ) e, if ‘wt—&—l - wt‘ <, M . 1
Wiy = CAP| Wmin, Wmax, =< s W41 = t+1 =

Ot— raw : raw w '
t—t wity, if [wid] — w| > 7, 41

When the buffer binds (first case), exposure is locally flat in 5;_4, so s; = 0. On the interior region
(cap/floor inactive and buffer inactive),

My = Tt _V Ty g 5 = OMi 1 _ 1 (90)
+ o* o* Oy  20%0i_¢

E3.2 J for Template A

Template A uses a single price series P; and a rolling realized-variance statistic. Define log returns

and the statistic by

-1
Ty = log Pt Ft = dann mz: 7“t2 . (91)
P )’ K — o

with window length m and annualization factor a,,, > 0. Some rulebooks compute realized variance
at multiple horizons (e.g., 20 and 60 days) and set I'; equal to the maximum across horizons. For a
finite set M, define

m—1
a (m)
F(m) S g r2 me M 'y = max T, .
t m P t—1 ) t meit t

Away from ties, let m; be the unique maximizing window and take the Jacobian row at date ¢ from

that active window. At ties we choose the smallest window. Differentiating (91) gives, for any date j,

% . 20ann
an B ij

(1{t—m+1gj§t}rj—1{t—m§j§t—1}rj+1). (92)

On a T-date horizon, writing 6I' = J AP, the matrix J is the T' x T' matrix with (¢, j) entry given by

(92) evaluated at the reference state. Only prices inside the rolling window affect I';.
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FE3.3 J for Template B

Template B scales exposure to a fixed risky basket against cash. Let P, € R collect the constituent

prices used by the methodology, and define constituent log returns

k

P
k t
=1 s k—l,,N 93
Tt Og(_Ptk1> ( )

Fix basket weights d € RY and write the basket return as 7 = d ' r;. Realized-variance is

m

Gann _9
Iy = E .. 94
t m Ti—4 ( )

-1
=0

As in Template A, some rulebooks take the maximum across horizons. For implementation we break

ties in favor of the smallest window. Differentiating (94) with respect to a constituent price Pf yields

8Ft _ 2afa‘nn

E k
8Pj ij

dk<1{t—m+1SjSt}Fj—l{t—mSjSt—l}fj_H). (95)

Stack deviations over dates and assets as
SAP = ((6AR)T,...,(6APr)T) | € RN,

Then (95) defines.J such that 6" = J AP, as in (23)..

F3.4 Kand H

Given J and s, requirement deviations satisfy
OM = s L™ T = s LT JSAP, (96)

where L is the one-step lag operator and ¢ is the disclosed implementation lag, so the total shift is
¢ + 1. Forced flow comes from the change in constrained demand. Assume the constrained sector
trades along a fixed liquidation direction b € R (for the single-underlying template, N = 1 and
b=1),s0 X; = X(M;)bwith local sensitivity B = —X'(Mj) > 0 as in (24). Stacking over dates,

6X =—B(Ip®b)dM, v=(D®Iy)0X =—Bs(D®Iy)(Ip@b) LT JSAP, (97)

where D is the first-difference operator on the 7-date horizon (applied blockwise via D ® Iy). Wedge
prices are generated by total flow: AP = Zq, with ¢ = u + v. Substituting (97) yields

¢g=u—Kq, K=Bs(D®Iy)Ir®b) L JTL. (98)
If I + K is invertible, then
g=T+K) ", AP =TI +K)  u. (99)
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Define Z = Z(I + K)~!. Theorem 1 applies to

7 _F 7T 1 T

H=T+I =11+ K)" + (1+K0)7") 17, (100)
and the manipulation-free condition is that H is positive semidefinite.

E3.5 A one-step closed-form diagnostic

To gain some intuition, this subsection gives a one-step version of the admissibility condition for the
daily target-volatility rule. Assume a single asset and 0AP; = nqg;. Let

m—1

Qann \—
r,=-2 i, re=log(P/Piy),
=0

and caps, floors etc do not bind so M1 = ¢/c* with 5, = \/T's. Then
. a]\4t+1 - 1 @ . 2aannﬁ
N 8Ft N 20’*6'\15’ 8Pt N m Pt‘

St

We have B = W/M§. Evaluating at My = M1 = 5¢/0* gives

g W o damn
Pt m&\?

oIy
ki = Bs;n— = 101
t st op, Tt (101)
Corollary 6 (One-step inequality for the daily target-vol rule). Consider T' = 2 trading dates and the
immediate t — t + 1 channel under temporary impact T = nly. In this one-step specialization, admissibility

on round trips is equivalent to
2+ k>0, (102)

where ky is given by (101). Equivalently, writing r, = max{—7,0},

W oTam - o (103)

" P, t m 6'\? t
Proof. In the one-step specialization, KC is 2 x 2 strictly lower triangular with single entry k; in the

(2,1) position. With Z = nls,

H=T(I+K) "'+ (I+K)™'TT.

~ 2 —k
A direct calculation gives H = 7 ( Lo t). Restricting to the two-date round-trip subspace
—Fkt

{(u,—u) : u € R} yields a quadratic form proportional to 2 + k;, which gives (102). Rearranging
yields (103). O

Rearranging (103) gives the one-step capacity implied by the immediate channel:

2m Pt 3?

p—)
*
1 0*Qann Ty

1 (U-step) (t) = +ooif r; = 0. (104)

max

Wiksien) (1) =
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The one-step bound loosens with a longer window m, and it is irrelevant whenever the exposure rule

is locally flat (caps, floors, or buffers bind) or when an additional lag removes dependence on ;.

F4 Stress-test design and empirical implementation details

The stress test needs two inputs: the sensitivity of trades with respect to price changes (which is
obtained form the volatility index rules), and an estimate of market impact. Fix a state z. At that
point we can compute both, We assume price impact per fraction of volume traded is constant across
states, therefore at that point we have a varying sensitivity of trades with respect to price changes.

We construct Z from simulated return paths. For Template A we simulate a single daily log-return
process. For Template B we simulate an N-vector of daily log returns with a realistic correlation
structure. The baseline generator is multivariate GARCH(1,1):

rF = /bl ek, hyoy = wi +a(rh)? + Bhf, k=1,...,N,

witha >0, > 0,and a+ 3 < 1. Innovations ¢; € RY areii.d. over t with mean zero, unit variances,
and a specified correlation matrix; the baseline uses a multivariate Student-¢ distribution with v
degrees of freedom, scaled to unit variance componentwise. For correlation stress in Template B,
we multiply off-diagonal correlations by x > 1, cap absolute correlations at 0.99, and project to the
nearest valid correlation matrix before simulation.

Numerical calibration is as follows. We simulate np,:,s = 10 independent paths of length 2500
business days and discard the first 500 days as burn-in. From each path we sample 40 evaluation
dates uniformly at random (without replacement), so |Z| = 400 states per template and scenario.
Innovations are Student-t with v = 8. We consider («, 3) € {(0,0),(0.05,0.90), (0.05,0.94)}. With
Gann = 252, we set wy, = (1 — a — ) ainn’k /aann O that unconditional annualized volatility equals
Oann k- For Template A we set oann = 0.20. For Template B we consider N € {2,4, 8} with baseline
off-diagonal correlation 0.2 (equicorrelation for N € {4,8}) and stress factors x € {1.0,1.5,2.0}.
Annualized volatilities and fixed weights (d, b) are:

2: Oann = (0.20,0.10), d=b=(0.6,0.4),
4: Oann = (0.20,0.15,0.12,0.10), d=0b=11,
8: Oann = (0.22,0.20,0.18,0.16,0.14,0.12,0.10,0.08), d

Z 2=
I

b=z1.

We calibrate 7 from one-day execution-cost benchmarks expressed in basis points per 1% of av-
erage daily volume (ADV). Two complementary references guide the range. Kyle and Obizhaeva
(2016) report total costs of 10.71 bps (linear) and 14.16 bps (square-root) for a 1% ADV order (Ta-
ble V), motivating 12 bps per 1% ADV as a baseline and [8, 20] bps as a conservative range. Frazzini
et al. (2018) report mean market impact of 8.90 bps for large-cap trades and 18.95 bps for small-cap
trades (Table II, Panel A), supporting the upper end of the range in stressed scenarios. We imple-
ment these magnitudes as a local linear impact law, which is the object required by the theory: in
the single-asset case, 7 is set so that trading 1% of ADV generates a one-day cost of ¢, € {8,12,20}
bps. In the multi-asset case we use a common c,¢, across constituents. Cross-impact is added as a

separate sensitivity. Our baseline sets Z diagonal (most conservative and most transparent) and then
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considers a symmetric cross-impact parameterization

I’Lj — p\/Z’TZ-j] COI’I‘Z‘j (Z 3& ])7

with p € [0,0.3] and baseline p = 0.2. We report results under p = 0 and over the cross-impact range.
In computation we enforce that stressed correlation matrices are valid by projection to the nearest
positive semidefinite correlation matrix. When adding cross-impact terms, we symmetrize the re-
sulting impact matrix and apply a diagonal adjustment if needed to ensure it is positive semidefinite.
These numerical safeguards address knife-edge cases and do not change the analytical objects used

by the theorem.
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G Additional properties of optimal attacks against target-volatility rules

This appendix collects auxiliary derivative and timing facts for the interior target-volatility rule in

(72) and the rolling realized-volatility statistic (74). Section 7.2 emphasizes the main mechanisms;

here we provide additional structure that is useful for interpreting timing and state dependence.

G.1

G.2

Local derivative structure: sparsity, finite memory, and the two-adjacent-returns
channel

From (76), J;; # O only if j € {t — m,t —m +1,...,t}. Each row therefore depends on at
most the last m+1 prints. Equivalently, a print P; can affect I'; only for ¢t € {j,j +1,...,j +m}
(through 7; and r;41). With lag ¢, that print can affect posted requirements only over dates
t+le{j+l+1,....5+L+m+1}

A marginal increase in P; raises r; = log(P;/Pj—1) and lowers ;1 = log(Pj11/P;). Because I
is built from squared returns, a spike-and-revert pattern can raise I" even if the price level ends
near its starting point.
Setting j = ¢ in (76) gives

8Ft Qaann

87Pt = m Pt Tt.

To raise I'; locally, P; must move in the direction of the current return r;. The 1/P; factor implies

that what matters is the relative move 0 P,/ P;.

If Ty = max;em Fgm)

, then away from ties the Jacobian row equals that of the active window,
so the same sparsity and finite-memory properties hold with m = mj. At ties the map is kinked

and J is not unique; the main text focuses on interior regions away from such kinks.

Timing structure: entry and exit, roll-off reversal, and horizon restrictions

Fix a date j and consider the single-return perturbation in (75). Since requirements depend on
I';_¢, the induced requirement change is confined to the shifted blockt+1 € {j +¢+1,...,j+
¢+ m}. To see the implied flow, linearize the binding position map X;1 = W/M;41:

w

~—7 -
Mt+1

0Xip1~ —Bii10Myqq, Byt =

If 0 M1 is block-constant over the affected dates, then § X; 1 is also block-constant, and forced
flow is its first difference, dvy11 = § X1 — d X;. Hence dvy41 is concentrated at the block bound-
aries: deleveraging when the perturbed return enters the window, and releveraging when it
rolls off (both shifted by ¢ + 1 relative to date j).

A spike at date j typically moves both r; and 7,1 (the same print enters two adjacent returns).
In the interior approximation of Section 7.2, 6I'; is therefore the sum of two overlapping blocks,
supported on {j,...,j +m — 1} and on {j + 1,...,j + m}. Passing this through (72) and
X = W/M generates a two-step tightening of requirements (and deleveraging flow), followed
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G.3

by a two-step easing at roll-off. If the horizon includes both exit dates, there are two predictable
reversal windows rather than one.

A return at date j leaves the m-day window at date j + m. With lag ¢, the associated easing in
requirements occurs at date j + ¢ + m + 1. To capture both the entry-driven deleveraging and

the exit-driven releveraging within a T-date horizon, the trigger must satisfy
J+HLl+m+1<T -1, equivalently J<T—-2—-/0—m.

If ' < ¢+ m + 1, the roll-off event lies outside the horizon, so the optimal deviation can only
harvest the entry-driven tightening. This sharp threshold is specific to rolling windows; with

infinite-memory statistics there is no discrete roll-off date.

With lag ¢, the earliest forced flow induced by a date-t manipulation arrives at ¢ +/+1. A larger
¢ both moves the last feasible trigger date earlier and delays any harvesting. In the terminal
regiont > T — 1 — /, the margin-feedback motive disappears, and the continuation reduces to
the closed-form intermediation benchmark in Proposition 5.

State dependence and sign patterns in the optimal trade

When forced flow is predetermined (v; # 0), the myopic harvesting component in (73) is —v;/2,
so the attacker intermediates against the mechanical trade. By contrast, the manipulation mo-

tive is driven by A¢1s¢ OpI' (Proposition 4). Since

20ann r
t
mPt ’

dpL; =

raising I'; locally requires moving F; in the direction of the current return: buy after an up
move and sell after a down move. Hence, within one optimal policy, trigger trades are locally
trend-amplifying (because the statistic is convex in returns), while harvest trades are contrarian
(because profits come from providing liquidity against v;). This trigger-versus-harvest sign
flip is a distinctive feature of feedback through a risk statistic, rather than standard price-level
manipulation: it is sharp here because I' is built from squared returns, and it is much weaker

for constraints written on price levels or signed returns.

On the interior of the target-volatility rule,

Wo*
372
) By

Bt+13t =

so the local gain rises with W and ¢* and falls with I',_,. Holding the impact environment
fixed, the loop operator and the admissibility test in Section 7.3 are therefore most stringent
in low-volatility states: when ,_, is small, the same linked notional implies larger risky-unit
positions and a larger marginal pass-through from measured risk to forced flow. This is why

conservative stress-test capacity is often pinned down by “quiet” states.
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* The target o* scales both the position level and the gain through B; s, so higher ¢* increases
vulnerability holding W fixed. Window length m enters J as a 1/m attenuation, but it also
delays roll-off of a manipulated return. Thus larger m makes the statistic harder to move on
impact, while increasing the value of a long horizon that can harvest the roll-off reversal. Both

effects come directly from the rulebook structure M o & and the hard rolling-window design.

30



H Additional results for the volatility-control stress tests

This appendix complements Section 7.2 by reporting (i) Winax(Z) for every scenario and horizon and
(ii) additional diagnostic figures for the cross-sectional distribution of Wy« (2) and related objects.

Table 4 Template A: conservative admissible scale Wi (Z) by scenario and horizon.
Entries are Wi,ax(2) = min,ec z Winax(2) in ADV-normalized units.

Scenario T=63 T=126 T =252
baseline 0.191 0.165 0.081
o =10% 0.239 0.206 0.101
o* =15% 0.159 0.137 0.068
c1% = 8 bps 0.287 0.247 0.122
c19% = 20 bps 0.115 0.099 0.049
iid const vol 0.254 0.181 0.132
GARCH persistent 0.110 0.120 0.035
lag¢ =0 0.171 0.150 0.087
lag ¢ =2 0.178 0.153 0.086
window 20 only 0.153 0.141 0.086
cross-impact p = 0 0.191 0.165 0.081
cross-impact p = 0.3 0.191 0.165 0.081
corr stress k = 1.5 0.191 0.165 0.081
corr stress k = 2.0 0.191 0.165 0.081

Table 5 Template B, NV = 2: conservative admissible scale Wy,ax(Z) by scenario and horizon.
Entries are Wi,ax(2) = min,c z Winax(2) in ADV-normalized units.

Scenario T=63 T=126 T =252
baseline 0.158 0.125 0.115
o =10% 0.197 0.156 0.144
o* =15% 0.127 0.128 0.113
c1% = 8 bps 0.237 0.188 0.173
c1% = 20 bps 0.095 0.075 0.069
iid const vol 0.162 0.186 0.146
GARCH persistent 0.120 0.094 0.099
lag¢ =0 0.135 0.148 0.110
lag ¢ =2 0.125 0.134 0.107
window 20 only 0.103 0.095 0.082
cross-impact p = 0 0.163 0.129 0.119
cross-impact p = 0.3 0.155 0.123 0.113
corr stress k = 1.5 0.168 0.128 0.123
corr stress k = 2.0 0.173 0.132 0.099
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Table 6 Template B, N = 4: conservative admissible scale Wy,.x(Z) by scenario and horizon.
Entries are Wipax(Z) = min,c z Winax(z) in ADV-normalized units.

Scenario T=63 T=126 T =252
baseline 0.129 0.122 0.209
o* =10% 0.229 0.181 0.218
o* =15% 0.149 0.115 0.234
cross-impact p = 0 0.144 0.135 0.229
cross-impact p = 0.3 0.123 0.116 0.200
corr stress k = 1.5 0.219 0.143 0.169
corr stress kK = 2.0 0.161 0.143 0.211

Table 7 Template B, N = 8: conservative admissible scale Wy,.x(Z) by scenario and horizon.
Entries are Winax(Z) = min,cz Winax(z) in ADV-normalized units.

Scenario T=63 T=126 T =252
baseline 0.311 0.230 0.286
o* =10% 0.360 0.265 0.340
o* =15% 0.373 0.339 0.407
cross-impact p = 0 0.395 0.287 0.360
cross-impact p = 0.3 0.281 0.209 0.259
corr stress k = 1.5 0.340 0.242 0.341

corr stress k = 2.0 0.376 0.256 0.358
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H.1 Vulnerability curves

Vulnerability curves (Template B N4)
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Figure 4 Vulnerability curves for Template B with V = 4.
Panels correspond to horizons T' € {63,126, 252}; lines correspond to the scenarios implemented for N = 4.

Vulnerability curves (Template B N8)
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Figure 5 Vulnerability curves for Template B with NV = 8.
Panels correspond to horizons T" € {63, 126, 252}; lines correspond to the scenarios implemented for N = 8.
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H.2 Distribution of statewise capacities W,,..(2)

Distribution of Wmax(z) (Template A, scenario=baseline)
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Figure 6 Kernel density estimate of Wax(2)
across stress states for Template A (baseline scenario), shown separately for 7" € {63, 126,252}.

Distribution of Wmax(z) (Template B N2, scenario=baseline)
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Figure 7 Kernel density estimate of Wi,ax(2) across stress
states for Template B with N = 2 (baseline scenario), shown separately for T' € {63, 126,252}.
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Distribution of Wmax(z) (Template B N4, scenario=baseline)
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Figure 8 Kernel density estimate of Wi,ax(2) across stress
states for Template B with N = 4 (baseline scenario), shown separately for 7' € {63, 126,252}.

Distribution of Wmax(z) (Template B N8, scenario=baseline)
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Figure 9 Kernel density estimate of Wi,ax(2) across stress
states for Template B with N = 8 (baseline scenario), shown separately for ' € {63, 126,252}.



H.3

date for Template B with N =

Local slope diagnostics
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Figure 10 Histogram of the local slope diagnostic s at the
first responsive date for Template A (baseline scenario), shown separately for 7" € {63, 126, 252}.
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Figure 11 Histogram of the local slope diagnostic s at the first responsive

2 (baseline scenario), shown separately for 7' € {63,126, 252}.
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Local slope diagnostics s (Template B N4, scenario=baseline)
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Figure 12 Histogram of the local slope diagnostic s at the first responsive
date for Template B with N = 4 (baseline scenario), shown separately for 7' € {63,126, 252}.
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Figure 13 Histogram of the local slope diagnostic s at the first responsive
date for Template B with N = 8 (baseline scenario), shown separately for T' € {63, 126,252}.
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H.4 Sensitivity summaries

Sensitivity: Wmax(Z) vs target vol sigma_star (Template A)
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Figure 14 Sensitivity
of Whax(Z) to the target volatility o* for Template A, shown across horizons T' € {63, 126, 252}.

Sensitivity: Wmax(Z) vs target vol sigma_star (Template B)
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Figure 15 Sensitivity of Wiy.x(Z) to the target volatility
o* for Template B. The figure reports Wyax(Z) for N € {2,4,8} and horizons T' € {63, 126, 252}.
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Template B: Wmax(Z) vs number of assets N (baseline scenario)
63

126

0.21:

Wmax(Z)
o
2
&

252

N
@

Number of assets N

Figure 16 N-sensitivity for Template B (baseline scenario):
Wiax(Z) as a function of the number of hedge assets N, shown across horizons T € {63,126, 252}.

H.5 Cap-regime incidence at the first responsive date

Table 8 summarizes cap-regime incidence at the first responsive date for Template B in the baseline
scenario (which has ¢* = 12.5%) and in the two target-volatility scenarios o* € {10%, 15%}. For
each (N, 0*,T), the table reports the number of stress states with regime cap at the first respon-
sive date, the share of the |Z| = 400 stress set, and the conditional failure probability at Wyeq =

median, e zWinax(2).
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Table 8 Incidence of cap-regime at the first responsive date for Template B (from

the failure decomposition output). The “share of Z” column reports #{z :

cap}/|Z| in percent.

N  Scenario T  #{z:cap} shareof Z Pr[fail | cap]at Wiea
2 baseline 63 1 0.25% 100.0%
2 baseline 126 1 0.25% 100.0%
2 baseline 252 3 0.75% 100.0%
2 o*=10% 63 0 0.00% -

2 o*=10% 126 0 0.00% -

2 o*=10% 252 0 0.00% -

2 o*=15% 63 31 7.75% 100.0%
2 o"=15% 126 19 4.75% 94.7%
2 o*=15% 252 28 7.00% 100.0%
4  baseline 63 88 22.00% 83.0%
4 Dbaseline 126 102 25.50% 75.5%
4  baseline 252 89 22.25% 91.0%
4 o"=10% 63 2 0.50% 100.0%
4 o =10% 126 6 1.50% 100.0%
4 o =10% 252 2 0.50% 100.0%
4 o*=15% 63 249 62.25% 51.4%
4 " =15% 126 248 62.00% 56.9%
4 " =15% 252 246 61.50% 62.6%
8  Dbaseline 63 182 45.50% 62.6%
8  Dbaseline 126 177 44.25% 68.4%
8  baseline 252 159 39.75% 67.3%
8 o =10% 63 38 9.50% 100.0%
8 o"=10% 126 28 7.00% 100.0%
8 o*=10% 252 21 5.25% 95.2%
8 o*=15% 63 314 78.50% 31.5%
8 o"=15% 126 313 78.25% 46.6%
8 o*=15% 252 319 79.75% 47.6%
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